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\ * Preface , - 

This yoluroe xpntairis the Annual, High Schocjl Mathematics Ex- 
aminations, give^ 1973 through 1982. It is a continuation of Contest 
Problem Books I All, III, published as Volumes 5, 17, and 25^ of the 
New Mathematical\Library series and which cl>ntain the firsV twenty- 
three annual examinations. The Annual High School Mathematics 
Examinations (AHSN^E), it 'is hoped, provide challenging problems 
which teach, stimulate, and provide enjoyment for not only the par- 
ticipants,^ but also the readers of:these volumes. 

All high school studeiits are eligible to participate in the Annual 
High School Mathematii^s Examinations. In 1982, over. 418,000 stu- - 
dents in the United, States\ Canada, Puerto Rico, Colombia, Jamaica, 
Australia, Italy, England, Hungary, Ireland, Israel, Finland, Belgium 
and Luxembourg participateo in the examination. It was* dniinistered 
also in many ^PO/FPO a}ui 'other schools abroad. Each year a 
Summary of Results and Awards is sent to all participating high 
schools (in the United States an'd Canada). The problems are designed 
so that they can be solved with\a knowledge of only "pre-calculus" 
mathematics, with emphasis on intermediate algebra and plane geome- 
try. The subject classificat^pm at thi^end of the volume indicates which, 
" questions are telated to which topics. 

The problems on each examination become progressively more 
difficult. Between 1973 and 1977, theNparticipants v/ere given eighty 
.minutes to complete the examination, and in subsequent years they 
were allowed ninety minutes. Ilie 1973 examination consists of four 
parts containing 10, 10; 10 Md 5 questions respectively worth 3, 4, 5, 
and 6 points each; to corrdct for random guessing, one fourth of the 
numbe| of points assigned to incorrectly answered problems was 
djeduc^ed from the number of points assigned to correctly answered 
problems. The 1974 through.1977 examinations ^hsist of 30 questigns 
worth five points per question; one point wa^ deducted for each 
question answered incorrectly. Since 1978, each examination consists 
of 30 questions was scored^ by adding 30 points to four times the 
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number of correct answers and thert subtracting one point for each 
incorrect answer. 

Each year since 1972, approximately one hundred of the highest 
scoring students . on the AHSME and a number of members of 
previous International Mathematical jOlympiad training classes haye 
been invited to participate in the U.S.A. Mathematical Olympiad, 
currently a three and one half houi* essay type examination consisting ; 
of five questions. Since 197,4, a team^of students has been selected to 
participate in the International Mat'hematical Olympiad.* An Interna- 
tional Mathematical Olympiad Gaining • class of approximately 
twenty-four students receives an intensive problem solving course 
prior to the International Olympiad. 

It is a pleasure to. aoknowledge the contributions; of the many ^ 
individuals and organizations wfio have made the preparation and 
administration of these examinations possible. We thank the members 
of the Committed on High School Contests and it5 Advisory Panel for 
Proposing problems and suggesting many improvements in the pre- 
liminary drafts of the examinations. ^We are grateful to Professor 
Stephen B Maurer, who succeeded us as Cominittee Chairman in 
1981, for his assistance in the preparation of this book. express our 
appreciation to the regional examination coordinators thjoughout the 
United States and Canada who do such an excellent job of adniinister- 
ing the examinations in their regions, an<J to the members o^ thie/* 
Olympiad Subcommittee who adniinister all the' Olympiad activities, 
particular, thanks are due to Professor James M. Earl, who was the 
chairman of the Contests Committee until his death, shortly after the» 
1973 examination was printed; to Professor Henry M. Cox, who was 
the executive director of the Contests Conmiittee from 1973 to 1976; 
to Professor Walter E. Mientka, >yho has been the executive director of 
the Contests Cprmnittee since September 1976; and to . Professor 
Samuel L Cjreitzer, who has been the chairman /)f the Olympiad 
Subcommittee since the inception of the subcommittee. We express 
appreciation to our sponsors, the Mathematical Association of 
Ameriica, the S(x:iety of Actuaries, Mu AlphX Theta, the National 
Council of Teachers of . Mathematics, and the Casualty Actuarial ^ 
Society for their financial support and guidance; we thank the City 
College bf New York, the University of Nebraska, Swarthmore Col- 
lege and Metropolitan Life Insurance Company for the sUjpport they 
have provided present and past chairmen and executive directors; and 
we thank L. G. Balfour Company, W. H. Freeman and Company,"^ 
Kuhn Associates, National Semiconductor, Pickett, Inc., MAA, Mu 

♦The International Olympiads from 1959 to .1977 have been published in volume 27 of 
the New Mathematical Library series. » 
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Alpha Theta, *NCTM and Random House fop donating awards to 
hlgh-sdori ng individu als and schools on the AH SME. 
fThe members of the Committee on High School Contests are 
particularly pleased to acknowledge financial support for the U.S.A. 
Mathematical Olympjgd and the participation of the U.S. team in the 
International Mathematicfil Olympiad. Wc express our gratitude to 
the International Business Machines Corporation for an annual grant 
t6 spon'sor an awards ceremony in honor of the winners of the U.S.A. 
Mathematical Olympiad; we thank the hosts of training sessions: 
Rutgers University, United States Military Academy and United ' 
States Naval Academy; we gratefully acknowledge financial support 
of the training sessions and travel t^p the International Mathematical 
Olympiad from the following: Army Research Office, Johnson and 
Johnson Foundation, Office of Naval Research, Minnesota Mining & 
Manufacturing Corporation, National Science Foundation, Spencer 
Foundation, Standard Oil Company of'California and Xerox Corpo- 
ration. 

A few minor cha^hges in the stajgments of problems hav? been made 
in this collection for t^. sake of greater clarity.^;- ■/. 

Ralph A. Artino 

* . Anthony M. Gaglione 



Kiel Shell 
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Editors' Preface 

» c , .... 

The editors of 'the New Mathematical Library; wishing to encourage 
significant problem solving at an elementary level* have published a. 
variety of problem collections. In addition to thci Annual High School 
Mathematics Examinations (NML vols. 5, 17, 25 and 29) describ'ed'in 
. detail in the Preface oo the preceding pages, the NML series contains 
translations of the Hungarian Etitvtts Competitions through 1928 
; (l^ML vols. 11 and 12) and the International Mathematical Olympiads 
(NML vol. 27). Both are essay type competitions containing only A 
few questions which' often require ingenious solutions. . ^ 

The present volume is a sequel to NML vol. 25 published at the 
" request of the many readers who enjoyed the 'previous Contest Prob- 
lem Books. ' * : 

The Mathematical Association of America, publisher of the NML 
series, is concerned primarily with mathematics at the undeVgraduate 
lever in colleges and universities. It conducts the annual Putnam 
Competitions for undergraduate ?tudents.^ All three journals of the 
MAA, the American 'MathematicaL Monthly^ Mathematics Magazine 
and the Two Year College Mathematics Journal, have sections deyoted 
to problems and their solutions. V , ^ % 

The editors of the New* Mathematical Library are pleased to ac; 
kno\yledge the essential contributions of R. A. Artino, A. M. Gaglione 
and N. Shell, the three men who compiled and wrote solutions for the 
problems in the present volume, the hard work of Stephen B. Maurer, 
current chairman' of the Committee on Hi^School Contests, 

.^d thaj of other Committee members in the finkk^iting of this 
collection is greatly appreciated. \ 

We suggest that readers aitempt their own solutions before looking 
at the ones offered. Their solutions may be quite different from, but 
' j us t as good or be it er than, those published Here.' . 

People taking jhe AHSME are told to avoi<| random guessing^ since 
there is a ppnalty for incorrect answersV however, if a: participant caii 
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use Ws mathematical knowledge to eliminate all but one of the . listed 
/choices, lie will improve his scote. A few exan^)les of this kind of ' 
elimination a^e indicated in some of the Notes.apperided to solutions, 

- , ^ il* B^ilCSordon 

■ ,^ - . AnneliLax- 
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List of Symbofs 



Naipe and/or Meaning - 

set of all X such that; e.g. : x ' is a positive integer less 

than 4> is the sermth members 1, 2/3 ^^^^^^ 

contained in; i4 c 5 means each member of A lis in B 

• cpntains: y4 5 .means B a A / 

' not equal to . ; ' ^ 

function,/ of the variable x ^ 

Ihe value that 7 assigns to , the constant a 
idOTtically equal; e.g.7(x) - 1 means /(^f) == 1 for all 
values of the variable X 

in number theory, for integers a, b, m, a = 6(mod m) 
is read -a is congruent to^ b mod w " .and means that 
a - i is divisible by m. ■ ' 

• less than r ^ ^ . ^ 
le&|than or equal t<5^ * 
grMter than 

greater than or equal to • 

approximately equal to JV< ' ' 

'absolute value; |x| == I ^^^^^^^^^^ 

/? factorial; 7?! —1-2 v 
combinations dtn things taken at a. time; • 

summation sign; X-^, means + + . . . + a„ 

- infinite sum; X] a,- = + a2.+ .J. , 

. base w representation; cm^ + bn^ cn -^- d 
first difference; for a sequencie aj, a2,...,.Aa„ means 

Jtth difference; A^a„ = Aa„, A^-**V„ = A (A'^a^J^for 

k;> 1 ' ^ /' ■ : . ,. . , 

the largest integer not bigger than X 
xiii 
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symbol " 

; a - b 
c d 
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, , Name £uici/o^^ > 

determinant of the matrix 1 ^ ^j, equal io ^^d^-bc 

/ imaginsiry unit in the set of coniplepc 1^ 

>: / /2 = — 1; also lis^d as a constant or as a variable (or 
index) 'taking integer values (e.g. in E/.ia/= +. 02 

z complex conjugatp^ of z; if z = a + /6 with a, b. real, 

. then z-= a — hi. 

AB ^ either line segment connecting points j4 and 5 or its 

^ ^length 

AB the minor circular arc with endpbmts yl and 

jC ABC either ^gle :/45C or its measure " ; 

± is perpendicular to 

II " is parallel to > : 

— issimilarto 

s IS congruent to 

£U .paraUelogram 
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Problems 



1973 Examin^on 

■ ■ : Part I'-- ..V 

\ . i . . . . ■ ■ \ ., ■ , / ■ ; ■ ■ ■ 

1/ A chord which is the perpendicular bisector of a radius of length 
12 in a circle, has length . ' ' * 

\(A) 3i/3 (B) 27 (C) 6v/3 " (D) 12)/3 (E) none of these 

2. -bne thousand unit cubes are fastened together to form a large 

cube with edge length 10 units; this is painted and then separated 
into the original cubes- The number of these unit cubes which 
have at least one face painted is 

; (A) 600 (B) 520 (C) 488 (D) 480 (E) 400 ' 

3. The stronjger;Gpldbach conjecture states that any even integer 
greater than 7 can. be'written as the sum of two different prime^ 
numbers.^ For such representations of the even number 126, the 
largest possible difference between the ^o primes is > : 

(A) 112 (B) 100 / (C) 92 (D) 88 (E) .80 



+The regul^ Goldbach conjecture states that any even integer greater thaii 3 is. 
expressible as a sum of two primes, l^either this conjecture nor the stronger vqfsion has 
been settled. j 



2 \ ThIe MAA ^OBLEM B'OOK IV/ ''^ . 

■"■-»■ ■ ■'c^-->-'."' '--^ 

4} TWO, congruent 30°* "- 60° -^9.6° triangles are placed so that they" 
• overlap partly and their hypotenuses coincide. If the hypotenuse- 
pfteach triangle is 12, the area commpri to both triangles is . ' 

' (A) 6v/3 V (B) .8v^ t.'' (C:) Ua/?^^ ' • • 

5r. Of tl^e following fiye'^stat^ehts, I to about^the binary opera^ 
tion of averaging (arithmetic niean), / V > --^^ 

L Averaging is associative ^ ^ / 

il. Averaging is commutative V 
Ift/ Averaging distributes ^ver addition ' 
IV. Addition distributes over averaging 
/ V. Averaging has an identity element ^ 

those wKich are aivTays true are 

- f.'- ' ■ • ■ . , ... 

(A) All (B) l and II only (C) II and III only 
- (D) Il and lV only (E) 11 and V only , 

6. If 554 IS the base b representation of the square, of the nuniber 
whose base b representation is 24, thien 6, when written i^ 

10, equals _ r ■ ' 

(A) 6 (B) 8 (C) 12 (D) 14 (E) 16 

7. The sum of all the integers between 5a. and 350 which end in 1 is 
(A) 5880 (B) 5539 (C) 5208 . .(D) 4877 .(E) 4566^ - 

8. If 1 pint of paint is needed io paint a statue 6 ft. highi then the 
number of pints it will take to paint (to t same thickness) 540 
statues similar to the original but Gidy l^^ f^^^^ 

(A>90^(B)^72 (C) 45 (D) 30 (E) 15 " > 
^ . / ' ■ ■ ■.■ ■ ■ ^ V- 
9: In A ABC vAih right angle ''at Cv altitude CJff and median CM- 

trisect the right angle. If the area of aCHM i% K, then the area 

of A ABC is . 

(A) 6K ^AB) 4y/3 K \C) 3y/3K • (D) 3K (E) 4K^ 

' ■ ■ ■ ■' ■ c 

10. If w is a real number, then the simultaneous vA/^x+y = 1 
system to the right has no solution if and only J ^ ^ ^ = 1 
if w is equal to » | , V 

. (A) -1 (B) 0 (C) 1 
(D) Oor 1 (E)/i 



•- , PROBLEMS: 1973 EXAl^INATION 

■ ■ - Part2-'.*- ■ • '"^ 

11. A'circle-yfith a circiufiscribed and an inscribed slquare centered at 
the origin O of a rectangulat coordinate system with ppsitive x 
and ^ axes OX and OF is shown in each figure I to IV^elow. 




o 



Y 

:3: 




The inequalities 



. . \M + ly\ < /2(x2 + /) ^2 Max( |x| , 

are represented geometrically''' by the figure numbered 

(A) I (B) II (C) III (D) IV (E) none of these 

12. The average (arithmetic mean) agfe of a group consisting of 
doctors and lawyers. IS 40. If the doctors average 35 and the 
lawyers 50 years old, then the ratio of the number of doctors to 
>the number of lawyeirs is \ v i 

(A) 3:2 (B) 3:1 " (C) 2:3 (D) 2:1 (E) 1:2 



13. The fraction , . =r^ is equal tp 



(A) 



3\/2+V3 
2^/2 _ ,^ 2t/3 



(B)l V (C) ^ (D) 



(B).f 



^tAn inequality of the form f(Xry) < g(x, y), for all x and y is represented geometri- 
. cally by a figure showing the containment * 

^ {The set of points ( jc, y) such that g(xy y) ^ a) ^ 

Q^The set of points *( jc, I') such that /(x, I') < fl} 

•• for a typical re£* number fl. A ■ ■ . , ' 
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14; Each valve /l. jB, and ^, when open, relaassTs water intp a tanjc 
at its awn constant rate/ Wjth aU three vdves op(en».thp,t^ W^^^ 

■ in 1 hour, with only valves A and G open.it takes^.S Jiour^^ 
. . with only valves S and* G open jt takes,2 houi:s.^^.T^^^^ 

hours'reqvired with only v£dveS;i4 arid B .open jsi:f^^^^^ , A "t^^.-^ 

* ..(A) U (B:?1.15 '(P) \2 ''■)p)-'\^^^^ 

15. A sector with acute central ^gle fl_is cut fr6m a circle of radius 6. 
• The radius of the circle circumscribed about /thft s^^^^ is 

■ (A) 3cosfl ■(B) 3secft> .(C> 3cosifl (pfSsec^O (E) 3 

■ ' ' . : ' '- \ ■ ■ $■ ' " .-^ : 

16. If tfie sum of all the angles except one of /a; convex polygon is 
2190°, then the number ojf sides of the polygon must be 

(A) 13 (B) 15 . (q 17 , (D) 19 ^E) 21 ■ :^ 

17. If B is an acute angle and sin ]] *^f° ^ ^^^^ 



(Ar - (B) ^ ' (C)^ ; (?) ^ ^ 



18. U p >5 is a prime number, then 24 divides - 1 without re- 
mainder ' * * . 
(A) never (B) sometimes only (G) aly:ays 

(D) only if = 5 (E) none of these . 

19. Define for M ^d a positive to be 

nj = n(w - a)in - 2a.)(w - 3a,).. . (n - ka), 

""" where A: is the^eateif ihtepr for wM 

Then the quotient 7281/182! is equ^ to _ 

(A) 45 (B) 4^ (G) 4» (D) 45 . (E) 4'^: . . 

■ . . ? ' ■ ^ - ' 

20 A cowboy is 4 miles south of. a stream which flows due east He is ^ 
also 8 mUes west and 7 irjiles north" of his cabin. He washes to 
water his horse at the stream and retiim home. The shortest j 
distance^in nules) he can travel and a|Ccomplish this js . : 

<k) 4 + /T85 (B) 16 "^(C) 17 fe) 18 (E) te+ ZTST, 
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Parts 



21. 'ITie nuni^^f of s^ts bf twp or more consecutive positive i 
4 ' whose^iuiriis 100 is - 

/ ^ (AL#|/1(B)"2 (C)'3 



(D) 4 > '.(E) 5 




e^et of all real solutions of the mequahty 
\x- \\ + |jc + 2| < 5 




/«(A)Ujc: -3 <:jc ^ 2) (B) {x: - 1 ^ 

g|#(C) {;c: -2.^ x < 1) -^D) {x:. - | < x < 1) ..(E) 0 (empty) 



^^1^3. There are two cards; one is red on both sides and the other is red 
on oiie side and blue bn the other. The cards have the same^ 
probability (i) of being choseQ, and one is chosen and ^placed on 
the table. If the upper side of the card on the table is red, then the 
^ probability that the under-side is also red is 

^ ' tQ i (P) \ (B^ J --^ 



'0- 



(A) i ' 



(B) i 



24. The check 'for a luncheon of 3 sandwiches, 7 cups of coffee and 
one pieceiof pie came to $3.15. The check for a luncheon consist- 
ing of 4 sandwiches, 10 cups of coffee and one piece of pie came 
to $4.20 at the same place. The cost o/ a luncheon consisting of 
one sandwich, one cup^of coffee and one piece of pie at the same 
place will come to 

(A) $1.70 (B) $1.65 (C) $1.20 (D) $1.05 (E) $.95 



25^ A circular grass plot 12 feet in diameter is cut by a straight gravel 
^ path 3 feet wide, one e dge of which passes throughl the center of 
the plot. The number of stiuare feet in the renimmng grass ^^^^ 

, (A) 367r-34 , (B) 307r-15 (G) 367r - 33 

(D) 357r-9v^ (E) 307r--9/3 " 



26. The number of terms in an A.P. (Arithmetic Progression), is even. 
•The sums of the odd- and even-numbered terms are 24 and 30 
respectively. If. the last term exceeds the first by 10.5, the number 
of terms in the A.P. is 

(A) 20 ^ (B) 18 (C) 12 (D) 10 ; (E) 8 



20 
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27 Cju-s A and B travel the same' flistarice. Car A travels half that 
distance at-u mires 'per hour and half at v miles per-Mun Car B 
. travels half th^ time^&t u miles per hour and half at u miles per 
: hfaur. The average speed of Gar A is x .miles per hour and that of 
B is J' miles per hour: Tlien we^^ . ^ 

(A) ' (B^ X>y XQ x=x :(j>j x <y - (E)^x>y, . 

■ ■•*»■■ • . •. _ -. . . 

If a, 6, and c are in geometric progression (G.P.) with 1 < a < 
' b < c arid 71 >1 is an .integer, then ldg^w,logi,w, lpg^w form a 
■ sequence . v ' • 

- (A) which is a G.R h 

(B) which is an arfthinetic progression (A.P.) 

(Q in which - the reciprocals of the terms form an A.P. 

(D) in which the. secon third terms are the wth powers of 
the first and second lesp ./ , 

(E) none of these 

29- two boys start moving from the same point A pn a circular track 
but in 9pposite directions. Their, speeds are 5 ft. per sec^and 9 ft. 
per sec! If they start at the same time and finish when they first 
meet at the pomt A again, then the number of times they meet, 
excluding the start and finish, is . \^^^^ 

(A) 13 (S) 75l -^:{P) 44 (D) infinity (E) nione of these 

30 Let [/I denote the greatest integer < ( where^ / > 0 and 5 = 
{(X, >^): (x - ff -^ 'y^i^T^ where r = ^ -{t]). The^ we have 

(A) ,the point (0,0) does not belong to 5 for any r |# 
: (B) 6!^ Area 5 < 9r tor all t r , . 

(G) 5 is contained in the first quadrant for all ^ > 5 
^(DHhe center of 5 for any 7 is on the Une j^'^^ 
(fi) none of the other statements is true 



Part4 

31. In the following equation, each of the letters represents uniquely 
different digit in base ten: 

"-V'.; ;^' ^ ijE) ' (ME) -- TTT '■■!./:■. . 

Thesum £ + M+ T+ 7 equals ^ ^ ^ 

(A) 19 (B) 20 (C) 21 . (D),22 (E) 24;^0 ' ■? ' 
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32/ The volume of a pyramid whose base is m equilateral triangle of 
side length 6 and whose other.edges are each of length ^15 is 

Y(A^ '(B) 9/2 (C). 27/2' , (P) ; (E) none of th^se t 

.■•v.f*^ ■ ■ . ... p ^- " ■ * • • 

j33.^^ ounce of water is ^i^Sed to a mixtu^of acid and watep, ' 

.J the new jjiixture is 50% acidv'^hen one oui^ of acid is added 
to the new. mixture, the result is 33 x% acid, ThWpercentage of aci<}^ 
, in the original mixture is ,^ 

(A) 22% (B) 24% (C) .25% (D) 30% (E) 33j% 

34. A plane flew straight against a wind between two towns in 84 
minutes and returned with that wind in 9 minutes less than it 
would take in still, air. The number of minutes (2 answers) for the 
return trip was 

' (A) 54 or 18 ' (B) 60 or 15 (C) 63- or 12 (D) 72 or 36 
(E) 75 or 20 

35. In the unit circle shown in the 
figure to the right, chords 
and MN are parallel to. the unit 
radius OR of the circle with 
cenfej at O. Chords. MP, ' Pg 
and NR are each s units long 
arid chord MiV is units long. 
Of the three equations 

L i/~\s= l. II ^fc = l, 

those which are necesgarily tnie^ 

are ^;c■-.■^':;/■:^;.;■^■ ■■■■■ 

(A) I only (B)_n only JQJII oiJy 
^ (D) I and II only (E)^, II, and III ' 
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' V 2 3 1 

1; If X i^O 0X^ 4 and y ^ 0 or 6, then - + - = ;r- is equivalent 

...to' ' • , ■ ■■ . --V; . , 

(A) 4;c + 3y = ^ (B) = (C) f + J = 2 

^ (D) ^ _ ^ ^ X (E) none' of these 

'' ■ ' /■ ^ 

2. Let >c, and X2 be. such that -;c, =ft X2 aad 3:)c? - hx,= by 
/ =1,2. Then ;c, + ;c 2 equals 

(A)-| :(B)| (C)| (0)26 (E)-| 

3. The coefficient of x'' m the polynomial expansion of 

r (1 + 2x - x^)'^ \y. 

- '■ ' '.-/ is, ■ ; . ' ";.V v.;;.' 

(A) - 8 (B) 12 (C) 6 (D) - 12 none of these 

-:.';.;->:a;:.,-.,:\ ^'V; ■v.^V' "'^ 

4. What is the remainder when jc^' + 51 is divided by i + 1? 
> (A) 0 (B) 1 (C) 49 (D) 50 (E) 51 ^ 

: 5. Given a quadrilateral y45C£> inscribed in a circle ^yith side AB 
extended beyond B to point £, if jCBAD = 92° an±X ADC = 

_l:_-:68?,^find_4:^C._ __^^_ ^ 

(A) 66° (B) 68° (C) 70° (D) 88° (E) 92° 



X * y 

6. For pq^^e rekl numbers jc and ^ define x* y = ^ ^ ^ ; then 



(A) " ♦ " is conunutative but not associative 

(B) " is associative but not conunutative 4 

(C) " is neither commutative nor associative 

(D) " is commutative and associative 

(E) none of these ^ 



■s 
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7. A town's population increased by 1,200 people, and then this ne\y ' 
population decreased by 11%. The town now had 32 less people 
than it did before the 1,200 increase. What is the original popida- 
' tion? ^ . « . 

" '(A) 1,200 (B) 11,200 (C) 9,968 (D) 10^000 
(E) none of these * 



8. What is the smallest prime number dividing the sum 3** + 5*^?. 

(A) 2 ; (B) 3 (C) 5 (D) 3" + (E) none of these 

f ■ , 

9. The integers greater than one are arranged in five columns as 
follows: ; * 

. 2 3' 4 5 * 

9 8 7 6 

10 11 12 13 

17 16 15 '14 

(Four consecutive integers appear in each row; in the first, third 
and other odd numbered rows, the integer^ appear in the last four 
columns and increase from left to right; in the second, fourth. and 
other even numbered rows, the integers appear in the first four 
' columns and increase from right to left.) 

In which column will the number 1,000 fall? 

(A) first (B) second (C) third (D) fourth (E) fifth 

10. What is the smallest integral value of /: such that 
has no real roots? 



(A) - 1 (B) 2 (C) 3 " (D) 4 ; (E) 5 



1 1. If (fl, 6) and (c, d) are two p6ints on the line whose equation is 
^ y = mx + k, then the distance between (a, 6) and (c, d\ in 
terms of a, c and m, is . 

(A) \a - c|\/l + (B) \a + c|)/l -hV (C) |^ ^ ^' 

VI + 

■ ■ . « 

'(D) |a - c|(l + m^) (E) |a -.c||w| 
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12. If" g(:c:^ =1 - x^- aad f(gix)) =' —^ when ;c>. 0, then 
/(1/2) equals . . \ 

(A) 3/4 (B) i (C) 3 (D) yfl /1 ; (fe v/2 



13; Which of the following is equivalent to "If P is true then Q is 
false."? ' ' ! ^ 

(A) "Pis true or Q is false." . 

(B) "If Q is false then P is true." 

(C) "If P is false then Q is true." \t 
(P) "If Q is true then P is false." . 
(E) "If Q is true then P is true." 



14; Which statement is correct? # 

(A) If ;c < 0, then: x'^^^^f^) If x'^ > 0, then 5c > 0. 
(C) If x^ > .x, then x > 0. (D) If x^ > x, then x < 0. 
(E) If X < 1, then a:^ < a:. • 



15. If X <--2 then |1 - 11 + ;c|| equals 

(A) 2 + x (B) -2-x (C)x (Dy-x' (E) -2 



.16. A circle of. radius r is inscribed in a right isosceles triangle, and a 
circle of radius R is circumscribed about the triangle. Then R/r 
equals. > 



(A) I + W (B) 



2 +V2 



(C) 



V2-1 



(D) (E)2(2 - V2) 



17. If = - 1, then (1 + - (1 - i)^ equals 

(A) -1024. -1024/ (C) 0 (D) 1024 (E) 1024/ 



( 
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18. If loggS =. /? and logjS = ^ then, in terms of /? and q, log,o5 
equals ^ ; . 



(A)P9 (B) 



P + 9 



1 + 3/;9 



19. In the adjoining figure ABCD 
is a square and fMA^' is an 
equilateral triangle. If the area 
of ABCD IS one square inch, 
then the area of CM^ in square 
inches is 



(A) 2/3 -3 
(C) , 
(E) 4 - 2/3 

0. Let 

T = 



(B) 1 - /3 /3 
(D)v^/3 




, 3 - \/8 /a - V7 V7 - V6 V6 



- then 

- (A) r< 1 (B) T= 1 (C)i <r<2. (D) r> 2 

■ ^ ^ (3 - /8)(/8- - v/7 )(v/7 - V&)(v/6 - v/5 )(v/5 - 2) 

21; In a geometric series of positive terms the difference bet^n^en the 
V fifth and fourth terms is 576, and the difference between the 
second and first terms is 9. What is the sum of the first five terms 

■ of this series? j 

(A) 1061 (B) 1023 (Q 1024 (D) 768 (E) none of these 



22. TE^^ minimum value of siny - \/3 cosy is attained when ^ is 
. (A)\ 180? (B) 60° (C) 120° (D) 0° (E) none of these 
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23. In the adjoinin 

are parallel tangents to a circle of 
radius r, with T and T' the points 
, of taiigency- Pr"(2 is a third tangent 
with T' as point of tangency. If TP 
: = 4 and r'g = 9 then r is 

(A) 25/6 (B) 6-/ (Q 25/4 • 

(D) a number other than 25/6, - 6^ . 25/4 > 

(E) not determinable from the given information 



r 4 f> 




24. A fair die is rolled six times. The probability of rolUng at least a 
five at least five times is : •- 

(A>a3/729 (B) 12/729 (C) 2/729 (D) 3/729 - . 
. (ErMne of these ^ ^ 

25. In parallelogram >lJ5Ci5 of the^accdm^ 

is drawn bisecting 5G at N and meetmg AB (extended) at P. 
From vertex G, line CQ is drawn bisectmg side AD at Af and; 
meeting 7i5 (extended) at e. Lines DP and CQ meet at. O. If. 
— the area,,of parallelogram ABCD is fe, then the area of triangle 
QPP ii^^qual to - - • 

<A) fc vvtoV5 

(C) 9fc/8 (Dr5fc/4 

(E) 2fc . M 




26. :The number of distinct positive integral divisors^ of (30)^ excluding 

1 and (30)^ is ^ ' 

(A) 100 (B) 125 (C) 123 (D) 30 (E) none of these 

27. If /(Jt) - 3x 4- 2 for aU real X, ^ t^^ 

"i/(^) + 4| < whenever \x + 2| < 6 and > 0 and 6 > 0'* 
is true when . : ;j 

^ (A) Wfl/3 • (B) &> a/3 (C) fl<V3 (D) a > 6/3 
(E) Thcstatement is never true. /■ ^ 
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28. Which of the following is satisfied by all numbers x of the form 

■ -'^-"'X £i;'i.£i:+ ...+S2i ■ -r'^. ■ ■.. "'^^ 

' where a, is 0 or 2, 0 or 2,.. . , 0 or 2? 
(A) 0 4 x < 1/3 (B) 1/3 < X < 2/3. (C) 2/3 < x < 1 
^ (D) 0 < X < 1/3 or 2/3 < x < 1 (E) a/2"< x < 3/4 

29. For /7 = 1,2,..., 10 let 5^ be the sum of the first 40 terfais of the 
: arithmetic progression whose first term is /; and whose comiimjife 

; difference is 2p - 1; then 5, + + • • • + 5,o is- ^ 

(A) 80,000 (B) 80,200 . (C) 80,400 (D) 80,600 
(E) 80,800. . : _ ■ . • . " y 

30. A line se^ent is divided so that the lesser part is to the greater. 
. part as the greater. part is to the whole. If /? is the ratio of the 

lesser part to the greater part, then the value of 

■■■ ,is-;; ■ ■ , ■ ■ ■ ■.- . /■ ' :y:f : 

(A) 2 (B) 2R (C) (D) 2 + (iE) 2 + i? 
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(A) 3/4 (B) 4/5 (G) 5/6 (D) 6/7 (E) 6/5 

2. For which real values^bf >n are the simultaneous equations 

'■■ y = mx + 3 ■ 

^ \y = (2m - /l)x + 4 

satisfied by at least one pair of real numbers (x, y)! 

(A) all m (B)'all m + 0 (C) all m 1/2 (D) aU m =/t i 
(E) no values of m - 

3. Wliich of the following inequalities are satisfied for all real num- 
bers a, 6, c,x, z which satisfy the conditions x < a, y < b, 
and z < c? 

l,xy\-yZ'^zx<ab-¥bc-\-ca * 
n. x^ y^ z^ < a^^^-^ 
ULxyz < abc 

(A) None are satisfied. (B) I only (C) Il only 
(D) III only (E) All are satisfied. 



4. If the side of one square is the diagonal of a second square, wtiat 
is t&e ratio of the area of the first square to the area of die second? 

(i^) 2 (B) (Cy V^^^ (D) 2v^ (E) 4 

5. The polynomials^ + 7)'- is expanded in decreasing powers of x. 
The second and third terms have equal values when evaluated at 
X = /> and jf = 9, where /? and q are positive numbers whose 
sum is one. What is the value of p? 

(A) 1/5 (B) 4/5 (C) \/4 (D) 3/4 (E) 8/9 

6. The sum of the first eighty positive odd integers subtracted from 
the sum of the first ei^ty positive even integers is 

(A) 0 (B) 20 (C) 40 (D) 60 (E) 80 
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* \x — lx\\ 

7. For which non-zero real numbers x is ^ positive in* 

teger?;- ■ v ," 

(A) for negative X only (B) for positive x only 

(C) only for an even integer 

(D) for all non-zero real numbers jc > ■ 

(E) for no non-zero real numbers X 

8. If the statement "All shirts in this store are on sale." is f^dse, then 
which of the following statements must be true? 

I, AH shirts in this store are at non-sale prices.'*' 

II. There is some shirt in this store not on sale. . 

III. No shirt in this: store is on^sale. 

IV. Not all shirts in this store are on sale. ' 

(A) II only (B) IV only (G) I and III only 

(D) Hand IV only (E) I, II and IV only 

9. Let fl„ fl2>'- • fe„ fe2V- • • lie arithmetic progressions such that 
fl, == 25, ,6, = 75 and a,oo + ^100 100'. Find the sum of the 
first one hupdred terms ofthe progression a, + fe,, 02 "^^2 v • 

(A) 0 (B) 100 ; (C) 10,000 (D) 505,000 

(E) not enough information given to solve the problem 

10. The sum of the digits in base ten of (10^'*'"^^ + 1)^ where n is a 
poisitive integer, is 

(A) 4 (B) 4n (C) 2 + In ; (D) 4n^ (E). + w + 2 

11. Let P be an interior point of circle K other than the center of K. 
Form all chords of K which pass through P, and determin.e their 
midpoints. locus of these midpoints is 

(A) aj circle with one point deleted • ■ 

(B) a circle if the distaiice from P to the center of K is less than 
X one half the radius of K; otherwise a circular arc of less than 

•. 360° ^:v-"; ::--^:, 

(C) k semicircle with one point deleted * 
: (D) a semicircle (E) a circle 



^Originally, statement I read: All shirts in this store are not on sale. 
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liv If a fb,a^- P =f I9x^ and a - ^> which of the following 
■ conclusions is 

(A) a = 3x (B) fl « 3x or a = -2x 

(C) fl =:>-3;c or fl - 2x (D) a= 3x or a = 2x (E) a « 2x 

13. The equation - 3x^ - - x + 8 = 0 has 

/(A) n<^ real roots * 

(B) exactly two distinct negative roots 
' (C) exactly one negative root 

(D) no negative roQts, but at least one positive root 

(E) none of these ^ 



14. If the whatsis is 5o when the whosis i^is and the and^o is is • soy, 
what is the whosis • whatsis when the whosis is so, the 5p and 5o is 
JO - 50, and the w is two (vv/ja/^'j/vv/iojw, w and jo are Variables 
taking positive Values)? 

(A) whosis ' is * so (B) whosis (C) is (D) so 
(E) so and jc? 

15. In the sequence of numbers 1, 3, 2, d'. each term after the first two 
is equal to the term preceding it ihihus the tenn precede 

] The sum^of the first brie hundred tesrms of the sequence is 

(A) 5 (fi) 4 (C)2^^ -1 

16. If the first term of an infinite geometric series is a posili^ integer, 
the common ratio is the reciprocal of a positive integer, and the 
sum of the series is 3, then the sum of the first two terms of the 

. "series is . 
v V(A) 1/3 (B) 2/3^ (G) 8/3 ^ (D) 2 (E) 9/2 

17. A 'man can conmiute either by train or by bus. If he goes to work 
• on the train' in the morning, he comes home on the bus in the 

afternoon; and if he comes home in the afternoon on the train, he 
took the bus in the morning. During a total of x working days, 
/ the man t<S^ the bus to work in the mpming 8 times, came home 
by bus in the afternoon 15 times, and commuted by train (either 
morning or afternoon) 9 times. Find x 

; (A) 19 (B) 18 (C) 17 (D) 16 ^ 
(E) not enough information given to solve the problem 
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,18. A positive integer with three digits in its base ten representa- 
tion is chosen at random, with each three digit number having an 
equal chance of being chosen. The probability "that logj J/ is an 
integer is • \ 

• (A) 0 (B) 3/899 (C) 1/225 (D) i/300 (E) l/«0 



19. Which positive numbers x satisfy the equation (log3x)(log;,5) = 
;^ ' logsS?; ■ 

(A)'3 and 5 only (B) 3, 5 and 15 only 

. (G) only numbers of the form 5" • 3"*, where n and w are posi- 
tive integers 

(D) all positive x ^ 1 (E) none of these 

20. In the adjoining figure triangle i4JBC is such 'that \4JB = 4 and 
.4C= 8. If Af is the midpoint of . JBC and ^Af = 3, what is the 
length of 5C? 

XA) 2}/26 (B) 2/31 
(G) 9 (D) 4 + 2{[3 

(E) not enough information 
given to solve the problem 

21. Suppose /(x) is defined for all real numbers x; f(x) > 0 for all 
x; and f(a)f(b) « + 6) for all a and 6. Which of the fol- 
lowing statements are true? 

I. /(0) = I / "^ H; l/f(a) for all a 

III. /(fl) = ^(3fl) for all : IV. f(b) >/(a) if b > a 

(A) III and IV only (B) 1,111 and IV only 

(G) I, II and IV only (D) I, ll and III only (E) All ar§ true. 




22. If p and ^ are primes and x^ - px + q = 0 has distinct posi- ' 
tive integral roots, then which of the following statements are 
true? . . '. ■ . V • ■ . 

1. The difference of the roots is odd. \ ' 

II. At least one root is prime. 

III. p^ - q is prime? 

IV. p q is prime. 

(A) I only (B) II only (G) II and III only 

(D) T, II and IV only (E) AH are true. , ; 
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23. In the adjoining figure AB and BC aie 
adjacent sides of squaie ABCD', M is 
the midpoint of AB\ N is the midpoiiit 
of BC; and AN and CM intersect aJ 
O. the ratio of the area of ^OCD to 
the. area of ABCD is 

(A) 5/6 • (B) 3/4 (C) 2/3 

(D) 73/2 (E) (^3 - l)/2 : , 

24. In triangle ABC, = 0 • and 45 = 2^, where 0°^< 0 < ^ 
The circle vyith center yl and radius intersects at and 
intersects 5C, extended if necessary, at 5 and at £ may 
coincide wiUi B). Then EC = AD 

(A) for novalues of (B) only if 0 = 45° . ^ ; 

(C) only if 0° < e < 45° (D) only if 45° < 6 < 60° 

(E) for all e such that 0° < 0 < 60° 

25 A woman, her brother, her son and her daughter are chessplayers 
(all relations by birth). The worst player's twin (who is one of the 
four players) and the best player are of opposite sex. The worst 
player and the best player are the same age. Who is the worst 
player^ . , . ^ 

(A) the woman (B) her son 

(C) her brother (D) her daughter 

(E) No solution is consistent with the ^yen mformation. 

26. In acute triangle ABC the bisector of 4.A meets side BC ai D. 

The circle with center B and radius BD mtersects side AB ai 
• M] and the circle with center C and radius CD intersects side 

AC at N. then it is always true that 

(A) 4.CND + 4.BMD -^DAC= 120° 

(B) AMDN is a trapezoid 

(C) BC is parallel to MN 

^(DB-DC) • . 
{jy)AM-AN^ 



(E) AB - AC = 



i{DB - DC) 



11, If p,q and r are distinct roots of ■ 
+,q^ + equals " 

(A) -1 (B) r (C) 3 • (D) 5 



- + X - 2 = 0, then 
(E) none of these 
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28/ In triangle -r4i?C shown in the adjoining figure, M is the mid- 
point: of side JSC, ^5 =12 and ^C t^ 16, Points E and F are 
taken on 4C and ^5, respectively, and . lines £F and ^A/ m- 
tersect at If ^£ = 2AF then ^G/GF equals 



(A) 3/2 (B) 4/3 
(C) 5/4 (D) 6/5 
(E) not enough information 
given to solve the problem 



29" What is the smallest integer larger than + v/2)^? 
; (A) 972 (B) 971 (C) 970 (D) 969 (E) 968 




C 



30. Let x == cos 36'' - cos 72''. Then x ecyials 

; (A) 1/3 (B) 1/2 (C) 3^^ - . (D) 2/3 - 3 
(E) none of these 
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1. If one minus the reciprocal of (1 - ;c) equals the reciprocal of 
(1 - x)/ then X equals 

(A) -2 (B) -1 (C) 1/2 (D) 2 (E) 3 



2. For how many real numbers x is (x + l)^ a real number? 
(A) none (B) one (C) two 

(D)'a finite number greater than two (E) infinitely many 

.' . , - ■ - , ■, ' 

3. The sum of the distances from one vertex of a square with sides of 
length two to the inidpoints of each of the sides of the square is 

(A) 2^5 (B) 2 + V3 (C) 2 + 2/3 (P) 2 + ^5 

;;":(E) 2-+2/5 

4. Let a geometric progression with w tenns haveNfirst term one, ^ 
common ratio r and sum j:, ^here r and 5 are not zero. The 
sum of the geometric progression formed by replacing each term 
of the original progression by its reciprocal is \ 

5. How many integers greater than ten and less than one hundred, 
written in base ten notation, are increased by nine when their 
digits are reversed? V \ 



■ \ 



(A) 0 (B) 1 (C) 8 (D) 9 (E) 10 ^ 

^ • - ■ .' ' ' ' ' ■ 1 ■ . 

6. If c is a real number and the negative of one of the solutions\of 
x} - ix + c = 0 is a solution of + 3x - C/= 0, then tlje 
solution^of 3x 4-c = 0 are '\J/ \' 

,.(A) U (B) -l,>-2 (C) 0,3 (D) 0,--3 (E) |,| | 

7. If X is a real number, then the quantity (1 ->p(^ + ^) 
tive if and only if 

■ CA) |x| < 1 ' (B)jc<l (C) |x|> 1 (D) x<:rl 
(E) X < ox -1 < x < 1 
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8. A point in the plane, both of whose rectangular coordinates are 
integers with absolute value less than or equd to four, is chosen at 

\ random, with all such points having'an equal probability of being 
chosen. What is the probability that the distance from the point to 
the origin is al most two units? 

^ (E) the square of a rational number 

9. In triangle ABC, D is the midpoint of AB\ E is the midpoint of 
DB; arid F is the midpoint of BC. If the area of A ABC is 96, 
then the area of Ai4jBF is ^ " 

(A) 16; (B) 24 (C) 32 (D) 36 (E) 48^ 

10: If w, /I, p and q are real numbers and f{x) = mx •¥ n and 
g(jc) = px -^- q, then the equation /(g(A:)) = g(/(^)) has a solu- 
tion ; 

(A) for all choices of w, /I, /7 and 9 

(B) if and only if w = and w = 9 
' (C) if and only if W9 - = 0 

(D) if and only if w(l - /?) " 9(1 - m) = 0 

(E) if andonly if (l -/i)(l -77) - (l - 9)(1 - m) = 0 

11. Which of the following statements is (are) equivalent to the 
statement "If the pink elephant on planet alpha has purple eyes, 
then the wild pig on planet beta does not have a long nose*'? 

I. "If the wild pig on planet beta has a long nose, then the pink 

elephant on planet alpha has purple eyes." 
II. "If the pink elephant on planet alpha does not have purple 

eyes, then the ^dld pig on planet beta does not have a long 
."■ hose." ■ ' ,." /' , ■ /■ s 

III. "If the wild pig on planet beta has a long nose, then the pink 
elephant on planet alpha does not have purple eyes." 

IV. "The pink elephant on planet alpha does not have purple 
eyes, or^ the wild pig on planet beta does pot have a long 

' nose". 

(A) I and III only (B) III and IV only"' 

(C) II and IV only (D) II and III only . (E) III only 

^The word "or" is used here in the inclusive sense (as is customary in mathematical 
writing). : :■ ■ ^ 
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12. A supermarket has 128 crates of apples/ Each crate contains at 
least 120 apples and at moSl 144 tippjes. What is the largest 
integer M such that there must be at least M crates containmg the 
same number 9f apples? . ; 

(A) 4 (B) 5 (C)6 (D) 24 (^^^^^ ;^ 

13. If x-cows give x + 1 cans of milk in x + 2 days, how many 
days will it take x + 3 cows to give x + 5 cans of milk? 

■ ^ . x(x + 2)(x -f 5) ^ x(x+l)(x + 5) 

^ {x+Dix+i) : ^ (x+:2)(x + 3) 

^^. (x+\){x+3){x + 5) ^ (x + l)( x:+3) 

(E) none of these 

14 The measures of the interior angles of a convex polygon are in 
arithmetic progression. If the smallest angle is 100" and the largest 
angle is 140°, then the number of sides the polygon has is 

(A) 6 (B) 8 (Cy 10 (D) 11 (E) 12 

15 If r is the remainder when each of the numbers 1059, 1417 and 
2312 is divided by d, where is an integer greater than one, then 
d — r equals 

(A) 1 (B) 15 (C) 179 (D) d- 15 (E) d- 1 

16. In triangles ABC and DEF, lengths AC ^C, DF and EF ^ac 
all equal. Length AB is twice the length of the altitude of A DEF 
from F to DE. Which of the following statements is (are) true? 

I. jCACB and ^DFE must be complementary. 

II. jCACB and jCDFE must be supplementary. 

III. The area of a ABC must equal the area of AZ)£f. 

IV. The area of aABC must equal twice the aurea of aDEF^ 

(A) II only (B) III only (C) IV only 
(D) I and III only (E) II and III only 

17. If 0 is an acute angle and sin 20 = a, then siii 8 + cos 6 equals 
(A) (B) (v/2 - l)fl + 1 (C) h + \ -. y/a^-a 
(D) + y/a^ - a (E) + . 
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18. fn the adjoining figure, yl 5 is tangent at A to the circle with 
center b; point D is interior to the circle; and £>5 intersects^the 
circle at C. If BC = DC = X OD == 2 and AB = 6, then the 
radius of the circle is ' * 



(A) 3 + ^/3 
(B> 15/7r 
(C) 9/2 

(E) 



0 



19. A polynomial p(x) has remainder three when divided hy x - 1 
andTemainder five when divided by x - 3. The'^ remainder when 

is divided by (x -, - 3) is 

(A) x-2 ' (B) X + 2 (C) 2 : (D) 8 (E) 15 

20. Let fl, b and oc be positive feal numbers distinct from one. Then 

4(log,x)' + 

(A) for all values of fl^ b and x (B) if and only if a == b^ 
(C) if and only if 6 = fl^ (D) if and only if x> fl6 

(E) none of these 



21. What is the smallest positive odd integer n such that the product 

-^/i^/i . . . 2(2'»+0/7 ■ 

is greater than 1000? (In the pro^ct the denominators of tlie 
exponents are all sevens, and "the numerators are the successive 
odd integers from 1 to 2/2 + 1.) 

(A) 7 . (B) 9 (C) 11 (D) 17 (E) 1^ 
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22. Given an equilateral triangle with side of length s, consider the 
locus of all points -f in the plane of the triangle such that the sum 
of the squares of the distances from P to the vertices of the 
triangle is a fixed number a. This locus - 

t(A) is a circle if fl > ' "^.^ ^ , • • i :f 

, . \(B) contains only three, points if 2s^ and is a circle if 

(C) is a circle with positive Radius only if s < a < is 

(D) contains only a finite number of points for any value of a 

(E) is Done of these ■ ■ ■ ■ 

23 For integers A: and n such that 1 ^ K"^ n, let 

UJ k\{n - k)\' - ' 



Then(^4^)U)isani^^^^^^ 

(A) for all /c and n ' , „ i a • 

YB) for all even values of k and n, but not for all k and n 
(O forallodd valuesof^ and n. but notforall k and n- 
W) if = 1 or n - 1 , but not for all odd values of /c and n 
3 (E) if n is divisible by k, but not for all even values gt k and n 

24. In the adjoining figure, circle has diameter ^5^^^^^^^ 

tangent to circle and to AB at the center of circle A: ^nd 
circle M is tangent to circle K, to circle L and to Theratio 
of the area of circle /C to the area of circle M IS 

(A) 12 ^ 

(B) 14 . < 

(C) 'l6 

(D) 18 



(E) not an integer 




25. For a sequence t*,.^^/ define Vy^^^ 

all integers k > 1.a*0<J= a'(a.* '("«))• " "« - " + "» thenr 
= 0 for all n ' 

, rAVif A:= l (B) if /c = 2, but notif /c = 1 . , , , 

(C) if 1= 3. but not if fc = 2 (D)if /c = 4, but not if Ac =3. 
(E) for no valufc of Ac 
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26. Irf the adjoining figure, every Roint of circle O* is (exterior to 
circle O. Let P and Q be the points of intersection of an inter- 
nal common tangent \vith the two external common tangents. 
Then the length of is 

(A) the average of the 
lengths of the internal 
and external common 
tangents ^ ' 

(B) equal to the length of 
- an external common 

tangent if and only if 
circles O and O' 
have equal radii 

(C) always equal to the 
^ length of an external 

^ ' commoh tangent 

(D) greater than the length of an external common tangent r 

(E) the geometric mean of the lengths of the internal and external 
commdn tangents 




27. If 



N - - /3 - 2^ , 



/i/5 + 1 



then N equals 



(A) 1 (B) 2>/2 - 1 (C) Y f i 

(E) none of these , 



28. Lines L I , Lj - * ^loo distinct. All lines L^^ytx a positive in- 
teger, are parallel to each other. All lines X4„„3, n a positive 
integer, pass through a given point The maximum number of 
points of intersection of pairs of lines ifrom the complete set 
(Lj, L2,. . . , -^-loo) is ■' ' ■ J' ^ ■ 

(A) 4350 ^ (B) 4351 (C) 4900 (D) 4901 (E) 9851 
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29. Ann and i3arbara were comparing their ages and found that 
Barbara is as old as Ann was when Barbara was as old as Ann had 
been when Barbara was half as old as Ann is. If the sum of their 
present ages is 44 years, then Ann's age is 

(A) 22 (B) 24 " (C) 25^^^ (E) 28 ^m^, 

30. Howmany distinct pWed triples (^, >^^ satisfy the equations 

. . X + 2/ + 4z ^. 12 I 

jcy + 4yz + 2xz ^ 22 

\ ' . .'^ xyz =-.6 

(A) none (B) 1 (C) 2 (D) 4 . (E) 6 . . 
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L If y =^ 2x and z = 2>','then jc + j + z equals ' ^ 
(A) X ^B) 3x (C) 5X (D) Ix (E)9x r 

2. Which one » of the following statements is false? All eqxiilateral 
^triangles are 

(A) equiaiigular (B) isosceles (C) tegular polygons 
(D) congruent to each other (E) sindlar to each other 



3. A man has $2.73 in pennies, nickels, dimes, quarters and half 
^ dollars. If he has an equsJ number of coins of each kind, tiien the 

total number^of coins he has is 

(A) 3 (B) 5 (C) 9 . (D) 

4. In triangle ABC, AB AC 
and jCA == 80^. If points 
D, E and F lie on sides 
BC, AC and vl 5, respec- 
tively, and = CJD and ^ 
BF = BD, then jCEDF equals 

(A) 30^ \ (B) 40^ . 
(C) 50^ (D)65^ ^ 
(E) none of these . ^ 



5. The set of all points P such that the siun of the (undirected) 
distances from P to two fixbd pointy A and 5 equals the dis- 
tance between v4 and 5. is , 

^(A) the line segment from ^ to B > ' 

(B) thfe line passing through vl and 2 ' / 

(C) the perpendicular bisector of the line segment froni /I to B 

(D) an ellipse having positive area 

(E) a parabola 



) (E) 15 
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6. If x, y md 2x + ^ are not zer^, then ; 

equals / j 

(B) xv^v (C) x-y (D) (A^rv 

(E) hone of these . - 

'■ ■.. ■ ' " . ■■ ■ • " ■■ ■ ; ■ 

7. If t — — — ^ — , then t equals ' / 

(A)(l-te)(2-V2), (BX(1-|2)(1 + ^) 
(C) (1 +fe)(l - V2 ) (D) (1 + fe)(l + v^^^ 
(E) ^(1 + fe)(l + v^); 



8 For every triple (a, fe, c) of non-zero real numbers, form the 
V number 



a .b , c , abc 



|a| " |fe| |c| Iflfecl' * 

The set of all numbers formed is 

(A) {0} (B) {-4,0,4} . (C) {-4, -2,0,2,4) 
(D) { - 4, -2, 2, 4} (E) none of these 



9.' In the adjoining figure jCE = 40° and arc AB, arc BC and arc 
. CD all he^ve equal length. Find the measure of 4^y4 CD. 

(A) 10° (B) 15° o 
XC) 20° " (D) ( — ) V ^ 

(E) 30° 




10. If/Sx - \)' = a^xl + flfiX* + • • • + flo, then a, a<; + • • • + ao 
>; equals _ , ; > ' 

(A) 0 (B) 1 (C) 64 (D) -64 (E) 128 , . 
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1 L For each real number let \x] be the largest integer hot exceed- 
ing X (i.e.Vthe integer /i such that w < x < 72 + 1). >yhich of the 
following statements is (are) true? 

L Ix + 11 = 1x1+ 1 for all X 
II. Ix +/l == Ix) + I>'I for all X and 
III. Ixyl = [xl|;^l for ail X and J' 

(A) none (B) I only (C) I and II only 
, (D) III only (E) all 



12. Al*s age is 16 morp than the sum of Bob's age and Carl's age, and 
the square of Al*s age is 1632 more than the square of the sum of 
Bob's age and Cairl's age. The* sum of .the ages of Al, Bob and Carl 

is-- ... ; ^ ''2 

(A) 64 (B) 94 (C) 96 (D) 102 (E) 140 



13. If flj^, fl2> ^3>--- is a sequence of positive ^numbers such that 
a^^2 ^(i^rt+r^or all positive integers /i, then the sequence 
«2> ^3>- is a geometric progression * ' 

/(A) for all positive values of a I and 
: (B) if and only if a, =^ ^2 (Q if and only if = 1 
(D) if and only if 02=" I (E> if and only if ay - = ^ 



14. How many pairs if integers satisfy the equation m + n 

: WW? , ^ • 

(A) I (B) 2 (C) 3 (D) 4 (E) more than 4 ' . 



15. Each of the three circles in tfie adjoining figure is externally 
tangent to the other two, and each side of the triangle is tangent to. 
two of the circles. If each circle has radius three, , then, the 
perimeter of the triangle is 



(A) 36 + 9v^ (B) 36 + 6}f3 
(C) 36 + 9v/3 " (D) 18 + 18v/3 
(E) 45' 
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16. If = -1, then the sum 

cos45°+ /cos ISS^' + > /«cos(45+ 90w)H • • • + i'*^ps3i545° 
.equals, - 

> <A) 4 ; (B) - lOf^ 

. . (D) ^(21 ^ 200 ; , ' (E)^(21^^0 

17. * Three fair dice are tossed (all faces have the same probability of , 

coming up):; Whatis the probability that the three numbers turned 
up can be arrangeokU) form an arithmetic progression cwith com- 
mon difference one? >^ 

18. If\y - (log23)(log34) •••(logjw + 1]) • • • (log3,32) then 

(A) 4<y<5 ^ (B)7^-5 (Q'5 <3;<6 
(D) j; -6 (E).6 < y <1- , 

19. Let £ be the point of intersection of the^diagonals of convex 
quadrilateral ^5CZ), and let P, g; i? arid 5 be the centers of 
the circles circumscribing triangles ABjE, BCE.CDE and ADE, 
respectively. Then ' ■ 

(A) is ia parallelogram [ 

(B) PQRS is a parallelogram if and^only if ^5CZ) is a rhombus ■ 
(G) PQRS is a par^lelogram if and only if ABCD is a rectangle 

(D) PQRS is a parallelogram if and only if ABCD is a parallelo- 
/ gram. • ' • ■ \ "-j.. , .■ ■ 

(E) none of the above are true .^^ 

20. For how many paths consisting of a sequence of horizontal 
and/or vertical line segriients, with ea6h segment connecting ia 
pair of adjacent letters in the diagram below, is the word CON- 
TEST spelled out as the path is traversed from beginning to end? 

'■ ■ e 
coc 

- : CONOC 
CONTNOC 
CONTETNOC 
CONTESETNOC 
CONTESTSETNOC 



(A) 63 (B) 128 
(C) 129 (D) 255 
(E) none of these 
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21.. For how maiiy values of the coefficient a do the equations 

ax -K 1 =J)^ 

have a conunoii real solution? 

(A) d (P) 1 (C) 2 (D) 3 . (E) infinitely many 



22. If fix) is a real valued function of the real Variable x, and /(x) 
is not^dentically zero, arid for all a and b 

I /(tJ + 6)+/(fl- 6) = 2/(fl) + 2/(6), 



then for all X and > ^ 

(A) /(0)=1 (B) /(-;x) = -/(x)i (Q/(-a:) = /(x)' : 

(D) f(x + = /(jP) + fiy) (E) there is a positive number T 

such that/(x + r) = /(x) . 



23. If the solutions of the equation x^ + px + ^ = 0 are the cubes of 
the solutions of the equation x ^ + wx + w = Oj then 

(A) p = + 3mn (fi) p = - 3mn (C)p + g=m^ 
(D) Z ' (E) none of these 



24. Find the isum 

■ ■ . ' fl» ■ ■ ■ ■ ■ . , • . . 

1 1 1 , , 1 



1 . 3 - ,3 - 5 ^ : ^ (2n - l)(2/j + 1.) 255 • ?57 

255 ^^^ 255 2 257 ^^^ 257 



25. Detennine the largest positive integer M such that 1005! is divisi- 
ble by 10". 

(A) 102, (B) 112 (C) 249 (D) 502 (E) none of these 
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26. Let d,b, c and be the lengths of sides MN, NP, PQ aoA QM, 
respectively, of quadrilateral JtfiVPQ- If ^ is the area of A/iVPQ. 

(A) yl = [^-^)[—^\ if and^only if MNPQ is convex 

(B) ^ = (^-|-^)(^-^) if and only if MNPQ is a rectangle 
(CyA ^ (^T^K^T^) if and only if A/iVPg is a rectangle 

(D) A < ^ and only if MffPQ is a parallelo- 
■ gram ■ - '.^ ' 

(E) ^ if and only if MiVPg is a parallelo- 
; gram ■. 

27* There are two spherical balls of different sizes lying in two comers 
of a rectangular room, each touching two walls and the floor. If 
there is a point on each ball which is 5 inche^ from each wall 
which that ball touches and 10 iriches /rom the floor, then the sum 
of the diameters of the balls is 

^A) 20 inches (B) 30 inches (C) .40 inches 
a (D) 60 inches (E) not determined by the given information 



"28. Let g(x) = jcV+ jc"* + jc^ + jc^ + x + 1. What is the remainder 
when the polynomial g(jc^^) is divided by the polynomial gixj} 

(A) 6 (B) (C) + (D) 3 - jc + jc?;^ 

(E) 2-x + x2~x3 + xV V ; 

' 29. Find the smallest integer w siich that 
for all real numbers jc, J', and z, 

(A) 2 (B) 3 (C) 4 (D) 6 <E) Thei^ is no such integer ' 
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30. If flj 6 and d are the lengths of a side, a shortest diagonal and a 
longest diagonal, respectively, of a regular nonagon (see adjoining 

figure), then . - ' 

• — a 

, (A) i/ = a + b 

(C) rf2 = a2 + a^+7,2 

(E) b'^ = ad 
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1. If J - - + A: = 0, then ^ equals 

(A) -1 (B) 1 I ; 2 (D) -1 or 2 ^/-l or -2 



2. If four times the reciprocal of the circumference of a circle equals 
the diameter of the circle, then the area of the circle is 

(A) -7 (B) - V (G) 1 ^« (D) TT (E) tt^ 



3. For all non-zero numbers x and y such that a: = 1/y, 

equals , ' "... ."--k:;^ ' 

(A) (B) 2/' (C) ThjK^ (D) x^ (E) -V^ 



4rif = 1, ft = 10, c = 100 and - 100 

' 4- (a- ft + c + rf) + (-a + ft + c + rfl 

is equal to 

(A) nil (B) 2222 (C) 3333 : (D) 1212 (E)^4242 



5. Four boys bought a boat for $60. The first boy paid one half of 
the sum of the amounts paid by the other boys; the second boy 
paid one thifd of the sum of the amounts paid by the other boys; 
arid the third boy paid one fourth of the sum of the amounts paid 
by the other boys. How much did the fourth boy pay? 

(A) $10 x $12 (C) $13 (D) $11^- (^^ 
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6» The number of distinct pairs (Xjj^) of ijpsd numbers satisfying 
both of the following equations: 



IS 



■ r 




(A) 0 (B) 1 (C) 2 (p)*3 (E) 4 



7. Opposite sides of a regular hexagon are 12 inches apart. The 
length of each side, in inches, is ■ 

(A) 7^5?^ (B) 6^' (C) 5v/2 (D) (E) 4v/3 | 



^ If ;c ^ y and the sequences a,, J' ^> *2' 
are in ari&metip progression, then ~ «i)/(*2 ~ *i) equals 



(A) I (B) I (C) 1 

• . / - 



(p) | ; /(E) f 



9:. 3c <,0,^ then ■ |x^i]|( 1 .^pquals 



(A) ; I (B) i:^ 23ff^?tGjtf2^ - 1 (D) 1 + 2a: (E) 2x - 1 



I 



If 5 is a point on circle C with center P, then Ihe set of all 
pojints i4 in the plane of circle C such that the distance^^ 
i4 and B is less than or equal to the distance between ^4 and any 
other point on circle C is y ; M ; ' 

(A) the liAe segment from P to 5 v^^^ 

(B) the ray beginning at P and passing throii^r^;:^-^^^^^^^ - 

(C) :- a ray beginning at 'B . , • ■ 
• (D) a circle whose center is ^ ^ ^- -^^^^ 
(E) axircle whose center is B ; 



If r is iositiyei' and the line whose equation is x + y r is i^ 
gent to the circle whose equation is + = r, then r equal 



r is tan- 
is 



(A) ^ . (B) 



I (G) 2 (D) yfl :. (E) 2yf2 
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12 In aADEuADE = 140° f)oints 5 and C lie on sides AD and 
i4-g, respectively, and ^points 4» C ^» E are distinct.t If 
lengths /4B, Bf , Ci) and i)£ are all equal, then the measure of 
: jCEAD is 

(A) 5° (B) 6° (C) 7.5° (D) 8° (E) 10° 

13. If a fbyC, and d are non-zero numbers such that c and are 
the solutions of jc^ + ax 0 and a and 6 are the solutions 
of + + d = 0, then a + 6 + c + equals 

(A) 0 (B) -2 / (C) 2 (D) 4 (E) (- 1 + 

14. If an integer w, greater than 8, is a solution of the equation 

- ox +7r— 0 the representation of a in the base w 
numeration system is 18, then the base n representation of 6 is 

(A) 18 (B) 28 (C) 80 (D) 81 . (E) 280 ^ 

15. If sinx + cosjc = 1/5 and 0 < jc < tt, then tan jc is . 

4 3 3 0 4 

(A) - J (BY - J (Q f (D) J. 

(E) not completely detennined by, the given information 

16. In a room c^^^P^^||£j>eople, N > 3, at least one person has 
. not shakwi hl^^^^^^^ryone else in . the room. What is the 

maximum number or people in the room that could have shaken 
hands with everyone else? ^ 

(A) 0 (B) 1 (C) N- 1 (D) N (E) none of these 

17. 11 k is a positive number and / is a,function such that, for every 
; positive number X, 

' ' [/(;c^+i)r=>:^ 

then, for every positive number « ^ 



0 



is equal to 

. (A) }/k (B) 2k (C) :k)/k (D) (E) 

^ The specification that points A, B, C, P, E l?e distinct was not included in the original 
statement of the problem. If B - i>, then C " E and JCEAD ^ 20°. 
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, Jl; ' - ■ . ^ '■ . , ^ ^ 

18. What is th« smallest positive integer n such that \/« -•}fn'~~l 

. / <m J ' ; ; ^ ;■ 

(A) 2499 (B) 2500 (C) 2501 . (D) 10,000 
•(E) There is no such integer. . 



19. A positive" integer n not exceeding 100 is chosen in such a way 
that if < 5P,^then the^ probability of choosing n is and if 
n > 50, then the probability of choosing w is 3/?. The probabil- 
ity that a perifect square is chosen is 

/ (A) .05 (B) .065 (G) .08 (D) .09 (E) .1 



20. If a, by c are non-zero real numbers such that 



and 



(fl -f -f c)(c -f a) 



^ abc 



and X < 0, then jc equals 

(A) -1 (B) -2^ (0-4 (D> -6 (E) -8 



iL For all positive numbers jc distinct from 1» 



logjX 10g4X logsJJC 

equals 

. loi^ (l0g3X)(l0g4x)(l0g5^) 

, 12 

^ V ^ (10g3X) + (lOg4X) + (lOgsX) 

; (I0g3x)(l0g5x) (lOgzxKlpgjX) (10g2x)(10g3X) 
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22. The following four statements, and only these, are found .on a 

.card:.; ■ . . ■ ^ ■■ . ■ 

bn this card exactly one statement is false. 

On this card exactly two statements are false. ' 
' \ On this card exactly three statements are false. 

' ' ' On this card^ exactly four statements are false. 

(Assume each statement on the card is either true or false.) Among 
them the number of false statements is exactly 

(A) 0- (B) 1 (C) 2 (D) 3 (E) 4 

23. Vertex £ of equilateral triangle ABE is in the^interiobof square 
ABCD, and F is the point of inters ection o f diagonal BD and 
line segment AE. If length 45 is /l + }f3 then the area of 
aABF is 

(A) 1 JB) ^ 4 

r- 1 

(D)-4^i/I_(E)_2 

- A . ■ . _ B 

24. If the distinct non-zero numbers x{y - z), y{z - x), z{x - y) 
form a geometric progression with common ratio r, then r satis-' 
fies the equation . " . 

(A) + r + 1 - 0 (B) r^~r + 1 = 0 (C) + rV- 1=0 

(D) (r + l)^ + r = 0 . ^E) (r - 1)^ + r = 0 

<f ' - ■ , .' " ■ . ■ ' ■ 

25. Let a be a positive number. Consider the set 5 of ^1 points 
whose rectangular coordinates (jc, y) satisfy all of the following 
conditions: 

(i) ^ <x^2a (ii) f <>'<2a {m) x+y^a. 

(iv) X + ^ J' '(v) > + ^ -X , 

The boundary of set 5 is a polygon with . * _ 

(A) 3 sides (B)* 4 sides " (C) 5 sides (D) 6 sides 

(E) 7 sides . V 
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26. In A ABC, AB = 10, == 8 and 
• BC = 6. Circle P is the circle with 
smallest radius which passes' 
■through C and is \angent to AB, 
Let Q and Ji be the points of in- 
tersection, distinct from C, of 
circle P with sides AC. and BC, 
respectively/The- length of segment 
QR is / 

. (A) 4.75 (B) 4.8 , (Q/S 



27. There is mqre than one integer greater than 1 which, "when divided 
by any integer k such, that 2 < ^ 11, has a remainder of 1. 
What is the difference between the two smallest such integers? 




(A) 2310 (B) 2311 
(E) none of these 



(C) 27,720 (D) 27,721 



28. If aA^ is equilateral and " 
'A„+^ is I the midpoint of line seg- 
ment for all positive in- 
tegers «, then the measure of 
jCAm^as^as ecjuals 



.(A)jg° 

(D) 90° 



JB)^45° 
'(S) 120° 



(C) 60° 




Ai ■ A 



29. Sides AB,^C,CD and DA, respectively, Cof^convex quadrilateral 
^ BCD are extended past B, C, £>. and ^ to "points B\ C', D' 
and ^\lAlsd, AB = BB' = 6, BC = CC = 7. CD = DD' = S 
and DA = 4A' = 9; ^d the ^ area of ABCD is 10. The area of 
A'B'C'D' is ' /' 

(A) 20 (b')40 XQ 45, (D) ^0 (E) 60 

30. In a tennis tournament, n women and 2n men play, and each 
player plays exactly one match with every other player. If there 
are no ties and the ratio of the number of matches won by women 
to the number of matches won by^ mqn is 7/5, then « equals 

^A) 2 (B) 4 (C) 6 » (P) 7 (E) none of these 
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1979 Examination 



1. If rectangle ABCD. has area 72 square meters and £ and G are 
the! midpoints of sides'"^jD and CD, respectively, then the area- of 
rectangle I)£FGvin square meters is 

"(A) 8 (B) 9 " (C) 12 ^ ^ 



(D) 18. (E) 24 



T 



i .■ ■ 



2. For all non-zero ireal numbers x and v such' that Jc - v = xy, 

1 1 . , , 
■ equals * ' . 

X y ^ ,■ 



(A) 



xy 



(B) 



1 



x-y 



(C) 0 (D) ,-l (E) j;-x 



3. in the adjoining figure, ^/45Ci) is a square, ABE is m equilateral 
triangle and point F is outside square^5C£). What is the mea- 
sure of FD in degrees? 

■ . - .. : D '■ - A 

(A) 10 



(B) 12.5 

(C) 15' 

(D) 20 

(E) 25 




- 4. For all real numbers x,x[x{x(Z - x) - 4} + 10] + J = ^ 

(A) - X* + 2x^ + 4x^ + lOx + 1 

(B) - x* -2x^- + 4x2 + + 1 ' 

(C) - x* T 2x^ - 4x^ + lO-x'+ I ' • 

(D) - x" - 2a;' - 4x^ - lOx + 1 

(E) - x" + 2x^ - 4x^ + I0x + 1 , i.: . " 

5. Find the sum of the digits of the largest even three digit nun^ber 
(in b^e; ten representation which is not changed ^yhen its units, 
and huhdr^ids digits are interchanged./ 



(A) 22 vv (B) ;23 (C) 24 . (D) 25 ' (E):26 
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1979 Examination 



1. If rectangle ABCD. has area 72 square meters and £ and G are 
the! midpoints of sides'"^jD and CD, respectively, then the area- of 
rectangle I)£FGvin square meters is 

"(A) 8 (B) 9 " (C) 12 ^ ^ 



(D) 18. (E) 24 



T 



i .■ ■ 



2. For all non-zero ireal numbers x and v such' that Jc - v = xy, 

1 1 . , , 
■ equals * ' . 

X y ^ ,■ 



(A) 



xy 



(B) 



1 



x-y 



(C) 0 (D) ,-l (E) j;-x 



3. in the adjoining figure, ^/45Ci) is a square, ABE is m equilateral 
triangle and point F is outside square^5C£). What is the mea- 
sure of FD in degrees? 

■ . - .. : D '■ - A 

(A) 10 



(B) 12.5 

(C) 15' 

(D) 20 

(E) 25 




- 4. For all real numbers x,x[x{x(Z - x) - 4} + 10] + J = ^ 

(A) - X* + 2x^ + 4x^ + lOx + 1 

(B) - x* -2x^- + 4x2 + + 1 ' 

(C) - x* T 2x^ - 4x^ + lO-x'+ I ' • 

(D) - x" - 2a;' - 4x^ - lOx + 1 

(E) - x" + 2x^ - 4x^ + I0x + 1 , i.: . " 

5. Find the sum of the digits of the largest even three digit nun^ber 
(in b^e; ten representation which is not changed ^yhen its units, 
and huhdr^ids digits are interchanged./ 



(A) 22 vv (B) ;23 (C) 24 . (D) 25 ' (E):26 
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1. If rectangle ABCD. has area 72 square meters an( 
the! midppiiits of sides''Ul> and CD, respectively, 
rectangle' DEFG /va. square meters is ' 

° (A) 8 (B) 9 ; (C) 12 ■ ^ 



(D) 18 (E) 24 



D 



2. For all non-zero '1real numbers x and v such" tf 

1 1 . , , ' 
, — ■ equals * ' 

X y ^ .,■ ■ . \ 



(A) — (Bf — ^ 



(C) 0 (D) .-l 



3. in the adjoining figure, ^/45C£) is a square, ABE I 
! tristngle and point £ is outside square i4^CI>. \\ 
sure of 4: in degrees? 

... (A) 10 . . : ; . ; - 

(B) 12.5 " ■ ' 

■.•.■:(C) 15 - ■ ^ 
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17. Points y4, B, C .and D are distinct arid lie, in the given order, on 
a straight Une. Line segments y4J5, y4C and y4D have lengths x, >'. 
,and 2, respectively. If line segments ^5 i and CD may be rotated 
about points 5 and C, respectively, so that points y4 and D 
coincide, to form a triangle with positive area, then which of the 
following three inequalities must be satisfied? 



ny<x + I 
2 



III. y < 4 A B C D 



(A) I only (B) II only (C) I and II only 
(D) II and III only (E) I, II and III 

18. To the nearest thousandth, log,o2 is .301 and log,o3 is .477. 
Which of the following is the best approximation of logjlO? 

19. Find the sum ot th6' s«iftes of> all reali numbers satisfying the 
equation': " 

, ^ • . •-, ■ , ■ • ; - ■ . .\,-.-: 

(A) 8 (B) 128 (C) 512 (D) 65,536 (E) 2(256") 

20. If a = i and (fl + + 1) = 2, then the radian measure of 
■ Arctan a + Arctan b equals 

: ; 

21. The length of the hypotenuse of a right triangle is A, and the 
radius of the inscribed circle is r. The ratio of the area of the 
circle to the area of the triangle is 

. (E) pone of these 

22. Find the number of pdrs (wi, «) of integers which satisfy the 
equation 6m2 + 5m = 27«^ + 9«2 + 9« + 1. 

(A) 0 (B) 1 (C) 3 (D) 9 (E) infinitely many 
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23. 



The edges of a regular tetrahedron with vertices ^4, 5, C and D 
each have length one. Find the least possible distance between a 
pair of points P and Q, where P is oh edge\,45 and Q is on 
edge; CD. . 



(A) 



(C) 



2 
2 
3 



(D)f 




24. Sides BC and C£> of (simple^) quadrilateral ^BC2) have 
lengths 4, ;3 and 20, respectively. If vertex angles 5 and C are 
obtuse and sin C = -^cos 5 == |, then side vlD has length 

(A) 24 (B) 24.5 (C) 24.6 (D) 24.8 (E) 25 



25. If ^i(x) and >! are the quotient and remainder, respectively, 
^when the polynomial is divided by a: + and if ^jC-^) sind 
are the quotient and remainder, respectively, when 9|(jc) is 
divided by. X + ^, then equals 



(A) 



1 

256 



(B) - -j^ (Q 1 (D) -16 (E) 256 



26. The function / satisfies- the functional equation 

/(^) +/(:►') =/(^ + j>')-^-^ .1. \ 

for every pair x, y of real numbers. If /(I) = 1, then the number 
~ol integers « ^1 for which /(/i) — n is ^ 

(A) 0 (B) 1 (C) 2 (D) 3 (E) infinite 

27. An ordered pair (i, c) of integers, each of which has absolute 
value less than or equal to five, is chosen at random, with each 
such ordered 'pair having an equal likelihood of being chosen. 
What is the jpfrobability that the equation + ftx + c = 0 will 
not have distinct positive real roots? 



fife* 



(A) 



106 
121 



|(B)H (C) 



1 10 
121 



(D) ^ (E) none of these 



tA polygon is called "simple" if it is not self intersecting. 



on 
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28. Circles with centers ^4, J5 and C each have radius r, where 
, I < r < 2. The distance Ijetween each pair of centers is 2. If B' is 
the point of intersection of circle A find circle C which is outside 
circle J5, and if C is the point of intersection of circle vl and 
circle J5 which is outside circle C, then length J5'C' qquals , 

' (A) 3f - 2 

(B)V2 

; . (C)> + ;/3(7 



(D) 1 +V3(r^r:i) 

(E) none of these ; 




29. For each positive number ;c, let 



The minimum value of /(jc) is 
: (A) 1 (B) 2 (C) 3 (P) 4 



( E) 6 



30. In A/1J5C, £ is the midpoint of side J5G and Z) is on side y4C. 
If the length of AC is 1 and 45/1 C = 60°, 44^0 = 100°, 
4ylCJ5 = 20°and 4-D£C = 80°, then the area of A/15C plus 
twice the area of aC/)£ equals 



(A) "I cos 10" 



(B) 4- ' 



(C) ^ cos 40° (D) I cos 50° ^ 




(E) g 



eo 
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' 1980 ExamUiation 

1. The largest whole number such that seven times the number is less 
than 100 is • . > , * , 

• (A) 12 (B) 13 (C) 14 (D) 15 (E) 16 

2. The degree of + l)'*{x^ + 1)^ as a polynomial in x is 
(A) 5 (B) 7 (C) 12 (D) .17 (E) 72 

3. If the ratio of 2a: - / to x + y is ~, what is the ratio of 

r x io yf 

(A) } (B) y (C) 1 (D) I (E) I 

4. In the adjoining figure, CDE is an equilateral triangle and ^SCiD 
and DEFG are squares. The measure of jCGDA is ' 




o 
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6. A positive number, x satisfies the inequality /x < 2;c if and 
only if •■ ,■ • / ' ■ , ' 

(A) X > I (B) X > 2 (C) X > 4 "(D) x < j (E) x < 4 

7. Sides ^45, 5C, CP and DA of convex quadrilateral i45CZ) have 
. lengths 3, 4, 12, and 13, respectively; and 4^C5i4 is al right angle. 

The area of the quadrilateral is 

(A) 32 (B) 36 
(G)39 ;(D)42° 
(E) 48 



8. How many pairs (a, 6) of non-zero real numbers satisfy the 
equation 




d b a + 6 V / 

(A) none . • '(B) 1 (C) 2 (D) one pair for each bfQ 
(E) two pairs for each b =f 0 

9. A man'^alks \x miles due west, turns 150'' to his left and walks 3 
miles in the new direction. If he finishes at a point /3 miles from 
his starting point, thien x is ! 

(A) V3 (B) 2/3 (C) I (D) 3 / ' 

(E) not uniquely determined by the given information 

10. The number of teeth in three meshed circular gears ^4, 5, C- are 
: x, y, z, respectively. (The teeth on all gears are the same size and 

regularly spaced as in the figure.) The angular speeds, in revolu- 
tions per minute, of yl, 5, C are in the proportion 

(A) jc:>!:2: {B) z\y\x {C) y\z:x (D) yz\xz\xy . 

(E) xz\yx\zy , ' 
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11. If the sum of the first 10 terms and the.sum of the first 100 terms 
of a given arithmetic progression are 100 and 10, respectively, then 
the sum of th^^rst 1 10 terms is 

(A) 90 (B) -90 (C) 110 (D) -110 (E) -100 

' ' ■ '•' ' , , ■ ■ •■ < , ■ ' • , ■ ,• . , ■ ■, " . •■ 

'■ ^ ' ■%.'''' ' ■ ■ ' 

12. The equations of L| and L2 are j' mx and^^y = wx, respec- 
tively.. Suppose L, makes twice as large an angle with the hori- 
zontal (measured counterclockwise from the positive ic-'axis) as 
does L2, and that L| haj5 4 times the slope of Lj. If L| is not 
horizontal, then WW is , » 

(A) ^ (B) - ^ (C) 2 (b) -2 

(E) not uniquely determined by the given information 



13. A bug (of negligible size) starts at the^gin on the co-ordinate 
plane. First it mbves 1 unit right to (M)). Then it makes a 90"^ 
turn counterclockwise and travels ^ a unit to (1,2)* If co"^" 
tinues ill this fashion, each time making a 90^ turn counterclock- 
wise and traveling half as far as in the previous move, tq which of 
the following points will it come closest? 

(-)(f-i) ' <Mi^f) <^'(ii)i-<->(i-i) 

14. If the function / definedi>y . ^ 

fi^y^^^JF^' ^^^h ^ a constant, 
satisfies /(/(x))= X for all real numbers x except — ^, then 

■ C is \ ' / . . ■ 

(A)>3 (B) ~ | (C) I (D) 3 c • 

(E) not uniquely determined by the given information 

15. A store prices an item in dollars and cents so that when 4% sales 
tax is added no rounding is necessary because the result is exactly 
n dollars, where n is a positive integer. The smallest value of w is 

(A) 1 (B) 13 (C) 25 (D) 26 (E) 100 . /" 



PROBLEMS: 1980 EXAMINATION 



49 



ERIC 



16. Four of the eightvVertices of a cube are vertices of a regular 
tetrahedron. Find the ratio of the surface area of the cube to the^ 
surface area of the tetrahedron. 

(A) , (8) 73 ' : 



(C) 



(D) 



/3 



(E) 2 




17. Given that - - 1, for how many integers n is. (w 4- an in- 
teger?'^ ■ . • 

(A) none (B) 1 (C) 2 (D) 3 (E) 4 

18. If b > 1, /sinx > 0, cosx > 0 and log^sin x = a, then 
log^cosx/ equals : 



(A) 2W^(f- ft''/^) (B) v^l - (C) 6"' 

(D) ~16g^(r-- 6^^) (E) none of these 



19/ Let Ci, e2 and C3 be three parallel chords of a circle on the 
r same side of the center. The distance; between Ci and Cj. is the 
^ame. as the distance between and C3. ITie lengths of 
the-chords are 20, 16 and 8. The radius of the circle is 



(A) 12 (B) 4/7"' (C) 



5^65" 



(D) 



5v^ 



3 ^ r 2 

(E) not uniquely determined by the given information 



20. A box contains 2 pennies, 4 nickels and 6 dimes. >Six coins ar^ 
drawn without replacement, with each coin haSiiDg^ an equal, 
probability of being chosen. What is the probability that tJtie 
of the coins drawn is at least 50 cents? ^ \ / ' 



^ 37 91 
(E) none of these 



127 



(D) 



132 
924 



64 



50 
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21. In triangle ABC, 4.CBA =• 72°, £; is the midpoint of side /4C, 
and D is a pointton side BC such that 25/) = /)C; >4Z) and 
BE intersect at F. The ratio of the area; of aBDF to the area of 
quadrilateral TvDC^ is 



(A) 5 
(G) f 



(E) none of these 



(B) 
(D) 




22. For each real number x, let /(x) be the miniiiiftjm'bf the/num- 
bers 4x + l, x + 2, and -2x + 4. Then thp^mAximum value of 
fix) is 



(A) i 



(B) 2 



(C)| 



(D)| 



23. Line segments drawn from the vertex opposite the hypotenuse of a 
ri_ght triangle to the points trisecting the hypotenuse have lengths 
sin^and cos x, where x is a real number such that 0 <x < • 
The length of the hypotenuse is 



(A) I (B) I (Q ^ 



(D) 



2v/5 




(E) not uniquely determined by the given information 

24? For some real number the polynomial - 4x^ - A2x + 45 
is divisible by (x - r)^. Which of the following numbers is closest 
' to r? ' : ^ ■ ^ ■ : 

(A) 1.2? (B) 1.32 ' (C) 1.42 (D) 1.52 (E) 1.62 

25. In the non-decreasing sequence of odd integers {a„ a^, a^,...)- 
{1,3, 3, 3, 5, 5, 5, 5, 5,. . . } each, positive ddd integer- A: appears k 
times. It is a fact that there are integers b, c and such that, for 
all positive integers n, 

where |xl denotes the largest integer not exceeding x. The sum 
b ■¥ c + d equals ■ 
(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 
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26. Four balls^ of radius 1 are mutually: tangent, three resting on the 
floor and the fourth resting on the others, A tetrahedron, each of 
' whose edges, has length Sy- is circumscribed around the balls. TKen 
^equals , . f 

• (A) 4\/2 (B) 4v/3 (C) 2/6 (D)'l + 2}/6 (E) 2 + 2!/6,; 

27. The sum v's + 2/0* + ^5 - 2/f3* ecjuals 

(A,| (I5,«f: (C>[^ (D)'^ 
(E) nonie of these ^ 

28. The polynomial x^" + I A- {x + 1)^" is not jiivisible by 
x^-^- x -^ l if w equals 

(A) 17 (B) 20 (C) 21 (D) 64 (E) 65 : 

2^. How many orderjed triples (;c, >^, z) of integers satisfy the system 
of equations below? ' 

V x^ - 3xy '\-2y^ -z^^ 31, 

-x^ . +6;^2+222= 44/ / ■ 

■ x^+ xy +82^=100. 

. (A) 0 (B) 1 . (C) 2 (D) a finite number greater than two 
(E) infinit^^^ - . 

30. A six digit number (base 10) is^squarish if it satisfies the following 
conditions: ' 

(i) none of its digits is zero; 

(ii) it is a perfect square; and 

(iii) the first two digits, the middle two digits and the last two 
digits of the number are all perfect squafes when considered 
as two digit numbers. 

How many squarish numbers are there? 

(A) 0 (B) 2 (C) 3 (D) 8 (E) 9 
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^ 1981 Examination 

1. If v^x + 2 = 2 then (x + 2) ^ equal's 

(A) (B) 2 (C) 4 (D) 8 (E) 16 

2. Point E is on side AB of squ&te ABCD. If EB has length one 
y and EC has length two, then the area of the square is 

(A) 73 (B) /5 
(G) 2 (D) 2/3 
(E) 5 




3. For x ^ 0, ^ -^ .^ + Equals 



(B) 



6x 



4. If three times the larger of two nuinbers is four times the smallot 
and the difference between the numbers is 8, then the larger y&f 
the two numbers is ~^ 

* , (A)16 (B) 24 <(C) 32 (D) 44 (E) 52 - 

5. In trapezoid ABCD, sides AB and CD are parallel, and diago- 
nal BD and side AD have equal length. U XDCB= 110° and 
jCCBD = 20°, then jCADB ''' 

D 



(A) 80° 
(C) 100"= 
(E) 120' 



(B) 90° 
(D) 110° 




6. If 



X ^ j^^ + 2;> - 1 
x-1 y^ + 2y-2 



, then X equals 



(A) + 2y - 1 (B) + 2y - 2 (C) + 2y + 2 
(D) j^ + 2;;+ l , (E) -y-2/+ l 
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7. How many of the first one hundred positive; integers are divisible 
by all of the numbers 2, 3, 4, 5? .. 



(A) 0 (B) 1 (C) 2 (D) 3 (E) 

,' ■ ■ ■ I ,j 

8. For all positive. numbers X, .V, z, the prodiicji 

• (x + y + zV ' + >>-' + z - OUv + y: + ix/' ' [i^') ^ ' + ( .vz j ' ' + ( sx) " '] 



equals 

.(A) x-^y-h-^ 
1 



(D) 



(B) x-^ + y-^ +"z 
' 1 



.2W 



■ (C) + 



(E) 



xy + yz + zx 



9. In the » adjoining figure, PQ is ; j\ 
diagonal of" the cube. If PQ has 
length a, then the surface area of 
the cube is ' . 

. (A) 2a2 „ (B) 2v^a2 
(C) 2v/3a2 (D) 3/3>2 
(E) 



101 The lines L and K ate symmetric to each other, with respect, to 
the line y = x. If the equation of line L is y = ax + b with 
a =/= .0 and b =/= 0, then the equation of K is y .= ' 




(A) ^ -x + 
a - 

(D) 1^ + ^ 
a a 



(B) 



(C) 



1 b 

—X 

a a 



(E) -X 

a a 



11. The three sides of a right triangle have integral lengths which form 
an arithmetic progression. One of the sides could have length 

(A) 22 (B) 58 (C) 81 (D) 91 (E) 361 , / 



12. If./7, 9 and M are positive numbers and^ < 100, then the iium- 
ber obtained by increasing M by p% and decreasing the result 
by 9% exceeds Af if and only if 



(A)p>q (B)p> 



iD)p> 



mq : 
100 + q 



100 - < 



(C)P> 



lOOg 
100 - q 
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.13. Suppose that at the end of any year; a unit of money has lost 

of the value it had at the beginning of that yean Find the smallest \^ 
'■ f integer /i such that after h years the unit of mOriey will have lost 
at least 90% of its value. (To the nearest thousandth log,o3 is 

•v.477.y. : ; ■• ■ •/ " > ,\ ■ j . 

^ (A) 14 ; (B) 16 (C) 18 • (D) 20 :(E)-22 

.14. In a. geometric sequence of real 'numbers, the sum of the first two. 
terms is 7, and the sum of the first siX: terms is 91. The sum of . 
the first foui; terms is ' : . 

(A):28'' (By 32 ; (G) 35 (D) 49^ (E) 8^^^|;|i ; ' - 

15. If &>1, x >0 '^ (IxY''^'^ - (?x)^^ Op^ & ' 

: 216 ^^^1 V ^ ■ 

(E) not uniquely detennined r / 

16. The base three representation of x is ; ' 

12112211122211112222: ^ 
The first (Jigit (on the left) of the b^ife nine representation of |t .is 
^ (A)l (B)2 (C)3 (D)4; (E)5 ; 

' 17. the function / is not defined for x = 0, but; for all non-zero reaj/^ 
i'nunibers^x, ; ■ / 'j..'"' 

f(x) + 2/(^'J =. 3x. Tl^e equation /{xypfi-x) is satisfied by ' 

(A) exactly one real number 

(B) exactly two real numbers 
(G) no real numbers 

. (P) infinitely many, but not all, non-^^^^ 
:Hv (E) all non-zero real numbers^ ^ ^ 

J^^IS. The number dJiiT^j^l solutions to th? equation: y'k . 
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19,. In A ABC, M is the : midpoint of side BC, bisects^ ^A4C, 
BN L AN and B is the measure of ^5«C. If sides ;y4B and Au-. 
have lengths 14 2uid 19, respectively, then lerigthi^ -M 



(A>2; 


(B)l' 


(G) 1 


— sin© 






(H)f 


1 . (9 
-2H2 



' 20. A ray of light originajtes froni point A and travels in a plane, 
being reflected n times between lines AD and CZ>, before strik- 
: ; i^^ points (wluch'^ may be on AD or C/)) perpendicularly 
' and retracing its pathjb A. (At each poiijt of reflectipn the light 
V makes two equal angles as indicated in the adjoining figure. The 
figure shows the light path for^ n = 3.) \i 4-CDA = 8°, what is 
the largest valjie w candiave? 

(Ay 6 ,. (B) 10 _ (cVss'. (D) 98 
(E) Tiiere is no largest value. ^ 




' 21. In a triangle with sid(^ of lengths a, b and c, 

,(«.-f b + c)(fl + 6 - c) = 3fl6. - 
The measure bflh^e angle opposite the side of length c is 

;/ 22- H)^'m lines' in 'k^ rectangular coordinate 

I V sj^^ (/, 7, fc), 
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23. Equilateral A/15C is inscribed in. a circle. A second circle is 
tangent internally to the circumcircle at T and tangent to sides 
" AB and /IC at points ? and Q. If side 5C has length 12, then 
segment PQ has length . y4 

V (A) 6 

(B) 6>^ 

(C) 8 

: (E) 9 : 



24. If 9 is a constant such that 0 < 5 < tt and x + ^ = 2cos«, 

. - 1 --v 

then for each positive integer w, + — equals 

(A) 2 cos « (B) rcose . (C) 2cos"^ 
' (D) IcosnO (E) 2"cos"e ; 

■ ■ ■ . ♦ ' ' ■■ ' 

25. In triangle- in the adjoining AD and AE trisect 
4BAC, The lengths of BD, DE and EQ^t 2, 3, and 6, re- 
s^pectively. The length of the shortest side of^-^5G is 

; (A) 2/10 

• (B) Jl r^^^ . 
(C);6v/6. 

(E) not uniquely determined 
by the given information 



5 i) £ 



26. Alice, Bob and Cai;6l repeatedly take turns tossing^a die. AUce 
begins; Bob always follows Alice; Carol always follows Bob; and 
Alice always follows Carol. Itind the probability that Carol will be 
the fh-st one to toss a six. (The probability of obtaining a six on 
' any toss is ^, independent of the outcome of any other toss.) 

1 : 2 5 : 25 ; ,r,v 36v . • * 
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^7. In the adjoining figure triangle >45C is inscribed in a circle; Point 
Z) lies^n AC with iJS' = 30°, and point G lies' on 
with BG > GA, Side ^5 and side AC each have length equal to 
the length of chord DG, and 4CAB ^ SO"". Chord DG inter- 
sects sides and AB at E and F, respectively. The ratio of 
the area of a AFE to the area of a ABC is . ' ■ 

(C) 7/3 - 12 (D)3/3 - 5 



28. Consider^the set of all equations + Oj-^^ + + «o ~ P» 
where ^^^^ ^^^1 constants and |a,| < 2 for / = 0, 1,^. 
Let r be the largest positive real number which satisfies at least' 
one of these equations. Then 

(A)-l <r<| (B) I <2 (C)2<r<| 
(D) I ^ r < 3 (E) 3 < r < | 

29. If a > 1, then the sum of the real solutions of 




X 



is equal to ■ 

(A) v/fl 1 \(B)' ^ (C) v^m" 



/a - 1 i/4a - 3 1 

30. If a, 6,^ c, are the solutions df the equation ^c'* — bx 3 = 0, 
then an equation whose solutions are " 

a + 6 + c a •¥ b A- d a c •¥ <{ b c d 



C2 ' ^2 ' ^2 



IS 



(A) 3jc^ + 6jcH- 1 = 0 ' (B) 3jc^ - 6jc + 1 = 0 
(C) 3jc^ + 6jc3 - 1 - 0 (D) 3jc^ ~ 6jc? - 1 = 0 
"(E) none of these 
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1982 Examination 

1. When the polynomial - 2 ; isi- divided by the- polynomial 
x^ - 2, the remainder is , ° 

(A) 7 (B) -2 XC) -2x - 2 (D) 2x + 2 (E) 2x - 2 

2. If a number eight times as large as :< is increased by two, then 
one fourth of the Tesult equals 

(A) 2x +1 ' (B) X + 1 (C) 2x + 2 . (D) 2x + 4 
(E) 2x + 16 

3. Evaluate (x^)^^'> at x = 2. 

(A) 16 (B) 64 (C) 256 (D) 1024 (E) 65,536 



4. The perimeter of a semicircular re^on, measured in cend^ 

,^ -Tiumerically equal to its area, measured in square centimeters. The 
radius of the semicircle, measured in centimeters, is 

■ (A)7r (B) I (C) 1 (D) (E).^+ 2^; ' 

5. Two positive numbers x and y are in the ratio a : 6, where 0 < 
a < b: If X A- y = c, then the smaller of x and y is . 



ac 

(A)y 



(B) 



be — "ac 



(C) 



ac » 



a + 6 



(D) 



be 



a + b 



(E) 



6 - « 



6. The sum of all but one of the interior angles of a convex polygon 
equals 2570°. The rem|jning angle is 



(A)>90° (B) 105^ 



7. If the operation jc * y. ii 



then which one of the fojllowing is false? 

X * :k ^^ Ji' f,^ for alll real jc and j'. 
) x^{y-^z)=^{x'^y\-^{x'^z) for all real X, J', and z. 
) {x - + 1) = ^x* X) - 1 for all real 
_ ) jc *0 = jc for all real! x. ^ ^ 

E) X * 2) = * 2 for all real X,:)',: and z.^, • 



^(C) 120° (D) 130° : (E) 144° 
defined by X * = (x + IX;; -t 1) - If 
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8. By definition r! =^r(r- :l) • 1 and 



• where r, j, k are positive integers 
form an arithmetic progression with n > 3, then n equal: 

(A) :5 (B) 7 (C) 9 (D) 11 (E) 12 



n > 3, then w equals 



9. A vertical line divides the triangle with vertices (0,0), (1, 1) and 
(9, 1) in the ^y-plane into two regions of equal ^ea. The equation 
of the line is x == ^ ^ ? 

(A) 2.5 (B) 3.0 (G) 3.5 . (D) 4.0 (E) 4.5 



10., In the adjoining diagpafiwBO bisects jCCBA.CO bisects jCACB, 
' and ATAT is paralleKto BiS. If >45 = 12, 5C = 24, and ^C = 18, 
then the perimeter of aAMN is 

(A) 30 (B) 33 

(C) 36 (D) 39 

(E) 42. 



11. How many integers with four different digits are there between 
1,000 and 9,999 such that the absolute value of the difference 
between the first digit and the last digit is 2? 

(A) 672 (B) 784 (C) 840 (D) 896 (E) 1,008 



12. Let f(x) - ax'^ H- bx^ + cx - 5, where a, b and c are con- 
stants. If /(- 7) =^7, then /(7) equals 




. (A) - 17 (B) -7 "VCQ 14 (D) 21 

(E) not uniquely determined | 

.: ■ ■■• ■ • ' ' '• . ' , </ ■ ' 

13. If > 1, b > \ and = I^S^II^MI then equals 
' (A) 1 (B); b (C) log,6 : (D) log^fl (E) 
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14. In the adjoining figure, points B and C lie on line segment AD, 
and ^B, BC and CD are diameters of circles O, and P, re- 
spectively. Circles O, AT and P all have radius 15, and the line 
is tangent to circle P at G. If AG intersects circle JV at 

^ points E aiid F, then chord £F has length 

(A) 20^ (B) l5}/2 
(C) 24 (D)25 
(E) none of these 




15. Let Iz) denote the greatest integer not exceeding z. Let x and y 
satisfy the simultaneous equations . 



;; = 2lxl +3 ^ 
y^3lx-2] + 5. 
If X is not an integer, then x + y is 
(A) an integer / ; (B) between 4 and 5 



(C) between -4 arid 4 
(E) 16.5- 



(P) between 15 and 1 6 



16. In the adjoining figure, a wooden cube has ec^ges of length 3 
meters. Squate holes.of side one meter, centered in each face, are 
cut through to the opposite face. The edges of the holes are 
parallel to the e^iges of the cube. The entire surface area including 
the inside,;in square meters, is . 

. (A) 54 (B) 72 
(C) 76 ^ P) 84, 
(E) 86 , 




17. How many real numbers x satisfy the equation 
32^+2 _ _ 3^ ^ 3 =^ 0 ? 

(A>0, (B) 1 , (C) 2 (D) 3 (E) 4 
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18: In the adjoining figure of a rectahgular solid, jCDHG - 45° and 
kFHB =- eO^'.'FmdAht cosint of iCBHD. 




H F 



19. Let /(x) = |x - 2| + \x - 4| - |2x - 6|, f of 12 x < 8. The sum 

of the largest and smallest values of /(x) is 

■ * . ' ' ' ■ ■ ■ . . '■ ■ - ■ ^ ■. 

(A) .l (B)2 (C) 4 (D) 6 (E) none of these . 



20. The number of pairs' of positive integers (Xj j') which satisfy the 
equation x^ = is ■ 

(A) 0 (B) 1 (C) 2 (D) not finite (E) none of these 

21: In the adjoining figure, the triangle ^JJC is a right triajS^ with 
jCJSCA = 90*^. Median CAT is perpendicular to median Bm and 
side 5C = J. The length of J?iV is . V 

(A) syf2 : (B) l^v^ ; . (C) Isyfl (D) ^ ' ; (E) ^ 

■ . : C : , \ . . . 

■ * /Vs. 

s / \ AT 



i— 

M . ■ 
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22. in a narrow alley of width w a. ladder of -length a placed with' 
its foot at a point P between the walls: 'Resting against one wall 
at Q, a distance A: above the ground, the ladder makes a 45° 
angle with the ground. Resting against the other wall at R, & 
distance 7i above the ground, the ladder makes a 75° angle with, 
the ground. The width w is equal to 

iB) RQ ' ^ 



(A) 

(C) 
(E) 



(D) 



h + k 




w 



23. The lengths of the sides of a triangle are consecutive integers, and: 
. the largest angle is twice the smallest angle. The cosine of th 
smallest angle is 



(A) I (B) -^ (C) I 



(E) none of 



24. In the adjoining figure, the circle^iheets the sides of an equil 
triangle at six points. If = 2,'^f' = 13, FC = 1 and HJ 
then DE equals 

- (A) 2v/22 (B) 7/3 
(C) 9 (D) 10 

(E) 13 




25. The adjoining figure is a map of part of a city: the ^mall 
rectangles are blocks and the spaces in between are streets. Each 
morning a student walks from intersection A to intersectidn 5, 
always walking along street shown, always going east or south. 
For variety, at each intersection where he has a choice, he chooses 
with probability ^ (independent of all other choices) whether to 
go east or so&th. Find the probability that, on any given morning,; 
he walks through intersection C. ' 



PROBLEMS: 




with 1 is written 
e average (jarithmetic 
35 17. What number was 

(E) can not be determined 



29. Let x,y and z be three positive real numb^ whose sum is \. If 
no one of these numbers is more than twice any other, then the 
minimum possible value of the product xyz is . 

1 1: .-A 1 



(A) 



(B) 



(D) 



(E) none of these 



32 ^ ' 36 ^ ' 125 ' ^ 127 

30. Find the units digit in the decimal expansion of 
- ' (15 + /220 )'.^ + (15 +V22O 

(A) 0 (B) 2 (C) 5 (D) 9 . (E) none of these 
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, ' 1973 Answers 

1. D 8. E " 15. D 22. k 29. A 

2. G 9. E 16. B 23. D 30. B 

3. B 10. A 17. E 24. D 31. G 

4. D M B 18. G 25. E 31 A 

^ 5. P 12. D \9.^D 26. E 33. G ^ 

6. G 13. D 20. G 27. A 34. G 

. 7. A 14. G 21. B 28. G 35. E 







1 974 Answers 








1975 Answers 






- 1. 


D 


7. D 


13. D 19. A 


25. C 


l.B 


7. 


E 


13. D 19. 


P 


25. B 


2. 


B 


8. A 


14. A 20. D 


26. G 


2. D 


8. 


D 


14. E 20. 


B 


26. G 


^:3.^ 


A 


9. B 


15. B 21. B 


27. A 


3. A 


9. 


G 


15. A 21. 


D 


27. E 


4. 


D 


10. B 


16. A 22. E 


^8. D . 


4. A 


10. 


A 


16. G 22. 


E 


28. A 


5. 


B 


11. A 


17. G 23. B 


29. b' 


5. B 


11. 


E 


17. D 23. 


G 


29. G 


6. 


D 


12. B 


18. D 24. A 


30. A 


6. E 


12. 


B 


18. D. 24. 


E 


30. B 






1976 Answers 








1977 Answers 






1. 


B 


7. E 


13. A 19. B 


25. b 


1. D 


7.. 


E 


13. E 19. 


A 


25. E 


3. 


B 


8. A 


14. A 20. E 


26. G 


2. D 


8. 


B. 


14. B 20. 


E 


26. B 


E 


9. D 


15. B 21. B 


.27. A 


. 3. E 


9. 


B 


15. D 21. 


B 


27. G 


4. 


G 


10. D 


L6. E 22. A 


28. B 


4. G 


10. 


E 


16. D 22. 


G 


28. A 


5. 


G 


11. B 


. 17. A 23. A. 


29. B - 


5. A 


11. 


B 


17. B 23. B 


29. B 


6. 


G 


12. ^G 


18. E 24. G 


30. e:. 


6i D. 


12. 


D 


18. B 24. 


D 


30. A 
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f978Answeri5 ^ l979Answers 



1: 


B 


7. E 


13. B 19. C 


25. D 




I. D 


7. E 


13. 


A 


.19, A 


25. B 


2. 


C 


8. D 


14. C 20. A 


26. B 




.2. D 


8. C 


14. 


C 


20. C 


26. B 


3. 


D 


9. B- 


15. A 21. A 


27. C 




3: C 


9. E 


15. 


E 


21. B 


■OT XS 


A 


B 


10. B 


16. E 22. D 


28. E 




4. E 


10. D 


16. E 


22. A 


2o. Ijr 


5. 


C 


11. C 


17. D 23. C 


29. D 




5. D 


11. B 


17. 


C 


23. C 


2V. ll 


6. 


E 


12. E 


18. C 24. A 


30. E 




6. A 


12. B 


18. 


G 


24. E 


OA" n 

JU. D 






1980 Answers ' 








1981 Answers 




1. 


C 


7. B 


13. B- 19. D 


25. C 




I. E 


7. B 


13. 


E 


19. B 


25. A 


2. 


D 


8. A 


14. A 20. C 


26. E 




2. C 


8. A 


14. 


A 


20. B 


26. D 


3. 


E 


9. E 


15. B 21. A 


27. E 




3. D 


9. A 


15. 


B 


21. D 


27. C 


4. 


C 


10. D 


16. B 22. E 


. 28. C 




4. C 


.10. E 


16. 


E 


22. D 


28. D 


5. 


B 


U. D 


17. D ^3. C 


29. A 




5. C 


U. C 


17. 


B 


23. C 


29. E 


6. 


A 


12. C 


18. D 24. D 


30. B 




6. A 


12. E 


18. 


C 


24. D 


30. D 










1982 Answers 


















1. E 


7. B 13. D 


19. B 


25. D 
















2. A . 


8. B 14. 


C 


20. b 


26. B 
















3. C • 


9. B 15. 


D 


21. E 


27. C 
















4.E 1 


10. A : 16. B 


22. X 


28. B 
















5. C 1 


11.. C 17. 


C 


23. A 


29. A 
















6-D 1 


12. A 18. 


D 


24. A 


30. D 
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1973 Solutions 

• ■ • .• • ,■ • ^ • ^' ' ■• ■ 

■ Part 1 

1. (D) Let- O denote the center of the circle, and let OR and AB 

be the radius and the chord 
which are perpendicular bisec- 
tors of each other at' ilf. 
Applying the Pythagorean 
theorem - to right triangle 
OMA yields 

AM = 6y/3. . / ■ : , ' 
Thus the required chord has length 12v/3. 

2. (G) The unpaihted cubes form the 8x8x8 cube of interior 

cubes. Therefore, 10^ - 8^ = 488 cubes have at least one face 
painted."^ 





/J 




M 1 







;^The letter following the problen^/number refers to the c<ftprect choice of the five listed in 
the examination. ^ 
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3. ;(B) Thirteen is tl;ie smallest prime p such that 126-/7 is also 

prime. Thus the largest difference is 1 13 - ^13 = 100. 

4. (D) In the adjoining figure MK is 

an altitude of a4BV. Since 
. aAMV \s ' a 30° - 60° - 90° 
/ triangle, MV has length 2v^. 

The required area is, therefore, 
area A/IB F= i(/15)(MK) 

5. (D) Let a *b denote the.average, + of d and 6. Then 

II a*b^ i{a + b) = {{b + a)= b*a, 

- '■. ■ and" 

IV a + {b*c)=a+Hb + c) = ^{a + b + a + c) 

= (a + 6)*(a + c), 

■ . ■■■jbut ' ■ ' ■ ' 

■ while/ ; , ■ 

• a*{b*c)=^[a + \{b+c)]>={a + \b+\c\ 

and 

, . Ill a ♦(6 + c) = 4(0 + 6 + .c), ^ 

■ ■ ^ - while , 

(a • Z>) + (a * c) = 6) + Ma + 

* ■ To see that V is„ false, suppose that e * a = a for ^ome e 
. and all a. Then a) = a, so e =. a. Clearly this can- 

■ * not hold for more than one value of a. Thus only H and IV 

■ . ". are true. ■, ; ■ - . ; . -\ 

' ''^ 6. (C) Let 6 > 5 be the base. ' Sinci(24?i,)^ = (26 + 4)^ = 
"^r. . 46^ + 166 + 16 and 5546 =,562 + 56 + 4, it follows that - 

'1^ f - ■ • 56^ +. 56 + 4 = 46^ + 166 ^- 16, 

■ ' !. ■■■■■ ' ■ ' ■■■ ■ . , ■ . . . 
■■ . ■ so - ■ /: ■ ■. . : ■ ;. .. •; . ■ ■ 

/ 6^-J16'T |2;= (6 + 1^6 - 12) = 0, : ■ ■ ^ : 

' -'l-/ ■ . ,6 = :-l or 6^ = 42.: ■-'^v-,..; ' ^ ■■ ' " 



■S p T I ON S :-c i;9:7 3.- E X^M IN y^^lO^^^p^^V 'fl:^h^^ 



the number p^^ of paiitt needed ^^^^^^ 

. ' - surface arQar(hence to tl]ie sq^are^x)f the ^^^^ 
and also^to tKl number n of statues to* 
^p'- rfr^ Afn/j^; substi^ting n == 1, A 6 aridj 
v^Quat^^ obtaiJ^^the constant of proportij 

^^■^^'■^omt^'-':^-'.:::: :-" 



,|ms..:^^^<^^:.^^^,,•.^ 

■■Now\^n=M;- 540. and-:^ =4<'P^= (i/3g^X^ 





^;?1;E) Right Vtijangles G//A^ a: 

: - aHgles;dft C'^fe , bqiial. Ther^; , ^ 
if6re;*JL)i^base*^;MH^ 



^■i---' '.'> '^^Av4fi(^,;'v&ii|e' tW^ir- 'altitudes -^' i^-' / | ;.- '■^t\ ' 
■ ' ■''^^-..are;.equaJr:(HencCthe^^^^ 



l.:^::^:;:^^^the-s^iiti^ 

: ^ th^e^ equaphS, yields (f^:X whitiix^t^^s^pthe^^ 
eqi^aitions h^s no solut^ffi ; - : : 

^" f:*^;? r V^e use the^heor^mr A. s\^stem of ^ linear. ISiiaticMis in " " 



: ■ ^ We use the^^^^^ linear, gSquatioiis m 

% three ^njki^^ s^tion an<f ; only Jf the ^ 

V "deten^ 

; . v^xiati^^ is 



ot vanish.; in our 



'■' >^-'''.-. • 



0 



The oidy • real -^vidlu^^o^ , ^op^^wiif^ ;Z> vanishes is - 1 . y/e 
saw ahbve th^^tft|?sy5t^ this case, * : 
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llv.(B) The giyien inegualities are r^^^ 

{the'set of i3din^ (x, >') suc^^^^^^ 

: . . :k i c ^the set of points (jc, y)^such ttiat ^(j?T~y^^ : 

c {the set of goiiits (x,'>') such tna^ + |>| < a), 

it the side length of the ii^^ is denoted • 

^ • by a, then the thrcje sets in the above inclusions are the sets 
of ..point^^nside (or on) the inscribed square, the circle, and 
the circuii&cribed. square, respectively,.]^ ; ^ 

Let and n deriote the^nuniber of doctors' and layi^ers^Vt;^'^ 
respectively. Then , v ^ • 

. •. ■ ■ '/i?5m +,50w'' ■"■ i-^V' ^ .V-fv ■ 

= 40, ^■ 



>.Vi?i .... • • 



i SO 40(m + w) = 35m +'^50hV- 5/n = 10>2, and — = 2. , . 



13t. (D). -Che square. of the given fraQtiorf is V : 

. ^ ' 4(2 -K,2tj^; 6) 3 4(8^^^v^)^ ^^^^ )^ 

: . Hence the fraction is Qqual to y^-TT = 



; V . • Multiplying top a^d bottoni of the g^^^ 

V ^ : 2(V^ ^ v^) 2(2' + Vl2 V ^ 4(^+ v^) > : 4' ^ - .'^ 

; ; . ./ . . 3/2 + ^/3^.: 3^^+^^. -3/(^^ 

/ ■ 14. (C) Let X, >' and z /denote th^umbw^^ 

. . i* ■ livered by valves A, ® and\!.. reispectively, in one hour'. Then 

^^^/^ ^- : ^li^ equations from twice theV 

i^^;^ : ^ fi!rs|^-yields^x =;f, so:that f|)c +y tankful wiUvb^^i^^ 

I .. : delivered.by valves A and fi^in ^ i^^^ hours. ; > : ■ 
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15. (D) The center of the circlf W| 
■ circumiscribes sectot is at; C, 
. the intersection of the perpendicular 
• • bisectors SC arid J?C. Q)nsidering 
; aORC, we^ee that : ■// 



e oc 



ox OC = 3;sec ^ . ; 




4 



Notei All Uie answers ex^Ml?^^ consider- 
■ing the limiting. casfS^ caseXA) is 0, (B) 

is ihfimte, (C) is less^tH^ 



16 \<B) Let w denote the number of sides of the given coriyex pol^^ 
gon and x the number oftdegrees in the excepted ^ 



"'-^r-- '^ '' 180(w ~ 2) = 2190 + X, sdthat 

^ Since |he pd < x < 180; it follows that ; 



180 



' / i.e/12^ < Wr- 2 < 13^. Since w is an integer, this forces 
- .2 13, so 72,=. I5/: (iilcidentallyj (13)(180) = 2340 - 
' ' . 2190 + ISOf so the excepted^^^^a^^ 

17.. (iE) l^ingahe forniuiaijfc^ we , 

.; V- ;^ havie.-^-'^--./ ■ ' 

f0^ 



cos 0 = COS 2 



2a: X 



[Note that since 0 < B <;,90°, 0 < ^ 



< 1, so X > 1.] Now 



' so 



, • tarii = A^^-^ 1 . 
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18i (G) Since the factors p - 1 anid + 1 of 1^ are consecii^^^'^ 
■ tive even integers, both are divisible by 2 and one of them by ^. . 
4, 50 th^^eir; product is- divisible by 8. Again - ij^^^^^ 
; iv ' anj^ ;(/ii^||ijlr^^^^ three consecutive integers, so that one of- 

V tlf^ni; (ib<it^|^t the prime is divisible by 3. Therefore the^^^^ f 
■ ''^:f^,: i:^^- -prpducfo^'/);)^ 1) = ^ 1.; is always divisiblelp^ both' . 

... ^/p^/ ;.43 ■; ,,'^:iS;>V .■■ 

^ 19l:^(lj|%g& X 24 X 16 X 8 . .. . 

ft2l=^^#>c^<6 .x t4 x^^ 



: mities ■'ibfthV :of^;C^^ 

'^■\/^^;-JS^^M|v ?^i^^^4igh0ine^^ , ^' 





■ ■ -/v and- w 2^-sbyitlJat;5Si^^ /integers ' are. , 

■uA::' :^^.:^'A'' f'0m^ ^ i^,. which. ■• 

• ' ; > consecutive integers is an evea numbei;: 

' V^';';^^ integers (half way^j^between the 




, •'/' |x|[ctly two sdts of positive integers whose sum is lOQ^ 
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^r--^^ yv. ■■■ .". 

S#vv.:: X to 1. and ij:om :Xi to - 2, we 

;1S^|f > see that this sun^^s 3^if ^2 < ) and 3 + 2m if ^Js a 
't^,^'/-; V « from the irfterval from -2 tol. Thus/the solutioijt|j^ j 




■y^-fe'-setis {x:\,-^3-:^;x < 2}. , -.v. 



• A?^: (P) Let the kides of the first card (both red) be numbered 1 and 2. 
^•wr -: Let the red and. blue^^ides of the secgnd card be nunibered 3 
it j ■ V and 4, respectively. On the draw any of the.sides 1, 2 or ^has 

. equal likelihood of being face up op the table. OP these t^^ 
f V two undersides are req*and one blue; soT^ 
' V a red undersidei is 2/3y-^ -v,. • >: 



24 (D) 



Let 5, c and p denote theVost -in dollars of one sandwie^, 
ohe cup of - coffee^^nd one piece of pie,'^ respectively. Tliten --K 
35 + 7c^:t > ^-3,15 and 4j + lOc ^-,4.20. Suht?;^t^^^^ 
twice the see€uidx)f these equations fi:pm;thTg^tir^;;dfe;fir^ 
yields s f ^^?^l-05 so that.Sl^ 



(E) i^t- (5 den6te:;^^^en)^rvQ^^ 
V lili^'and V^pife^'i^dp pit the^ 
^ 'siclei- of^ t^^^apj^; not ■ 

through <)ne 
arc conneciirig^op}^i1;9 ;^ ' 
' the walk/ then DAfjBJ^cpnsis^ 
. .. 'of the 30° sectbt^5;a^^ 
30*^ - 60° -* |0\iangle 
. Thus the ;^rea^of the walk i§ ; 

• and. the required area is y^^\^^,; 
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(IE) Let ji arid 2/j denote the; cbmmori j^ 

number of terms. Let and 5^ denote; the sums ot-^iU w 
odd- and all even-numbered terms respectively; then ^ 5^^ . 
= /zrf since each'^even-niimbered term exceeds its odd-num- V 
. '/bered predecessor by. rf. Moreover the last term clearly ex- 
* ceeds the first .by. (2n Hence in the present case we 

have . . . 

nd ^ 30 - 24 = 6 and (2w - l)rf = 10,5. 

/ Therefore rf= 2nrf - 10.5 =.#^10^^^ ahd-;'^^^^^^^^^^ - v : 

. ■ w = 6/1.5>=4, so 2h = 8. . v'v-- 

. ,. . ,. • . , ■ ■ , ■ . ■ .. . _ . ■ ■ * ■■ ' 

iVore: We note that in solving this problem we did not need^ to 
know the values of 5^ and 5^, but only their difference. 



27. (A) Let denote the distance. The total time t that car A travels 



r IS 



and the avej'age speed is 



2w .*;2i; 



.- 1» ■ 



For cai B, .the average'^^^^^s^^^^ 
:0 < {u - >v)^u :2uv < 
viding l^h sjdes of the last inequi 




3ow 



TVo/e /ij^^fei^M^ wthout any 

cmelul^fegjl^ half the ,tinie * 



iving^'j^ 14 and - ^ C 

: (JD§ei^e' thSrcat is the reciprocal of . k 



driving 

^Vo/e 2: GfeSeJvS'tK^^ is the reciprocal of ..^ /v: 

the average of -the recipfbcils of w and this is called the - 

harmonic mean (H.M.) of u and v: / " 



, The calculations-above^^^iv tha,t. the hannoiuc mean of tw(J: 
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^-isot^ r9|:3.^ EXAM:INATION -;v . '■•.:f75-. 

• ■•■ ■■ „•■■ .. .^:..:■■■:^Hv■r .V/; , . • •■; ■ . ■ v.. 

„ ■ • ' ■ jjdsitiVe^ n arithmetic mekn. For ■ 

' ; comparisons of the)iai^omc^;geomeiriG arithmetic means 
. ; . ■ of two positive numbe:^see An lntrodHcff^^ to Inequalities by 
E: Beckenbach and R.' Bellman, NMUffe^ 
V. - '•■ 62 arid its solution on p. 120. r' ■ : 

,;■ 

28, (G) Let r > 1 denote the^cpmmori rati^o m the geometric progresr 

.. sion ^fl,'6,'c: • 

: ; log„a,iog„6, log„c is aii ariithmetiap 

. ; It follows fronv the identity^ lbg„i? = that the recipro- 

cals of log;,/?, log^/?, log^^^ 

29. (A) The boys meet for the first time.when the faster^has covered 
' . '4^. 9/14 and the slower 5/14 of the track.^They meet for the 7?th 

" laps, end the.slower 

.(5/J.4)/i laps. Both of thes^re first wh6le numbers of laps: 

/'v. -^wheji = 14;VthereWe thirteen ni^etings^ excluding tb^ sfa^^ 

vy"..- \' dn^' finish. :-."V.'-. ^ \ 

■ .■: A\ ■ - ■■ ■■ '-^y ■ ■ -^'v -'-' ■ ■: - : • - ^i : 

v:'^ ■ • ■ ■ .:-^-^fro: v - -'f - ■ ' " ' V . - 



3d:^tBy For any fixed / ^ 0, 6 < r.< 1, Henc^:Mhe: int^r of 
: the circle with center (7;;0).^nd rajjiu§:^^s:^a^ area bei- ; 
' "-^ * ' tween 0 and?:/ / . ^' -"v. ^^ i" ''^^ ' . ' ' ' 



• 3i; (C) The integer 7Tr = T(l 11) = 37^^^^^ witji T equal to^hfe; ^ 
final digit -of £2 Now 37 must divide one of 'M£ and Ff,^ - 
■ ' s&y ME. Therefore iy/£ = 37 oc ;74^i%& laUer ppssibiUty is^ . 
; ■ ruled out since it would imply' (mhiYE) ^ 74 14 

, lb3%^hileV clearly TTT 999.. "^s M^!= 37, T = ■ 



... m-. 999 _ sif s 



A^ ". ;^Sce7oolri9tednp. 82. , \ * ' ■ ' - , ' <^ ■ ' ' ' 
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' 32 ■ (A) Ttie yolume of : a '■' pyraixiid is 
equaHo one third the area of 
' the base^times the altitude. The 
base of the given pyramid is 
an' equilateral triangle ^yith 
sides of length 6; hence it has 
area 9/3 . Altitude ft of. the 
given pyramid may be found 
by applying the Pythagorean 
theorem to right A^5C iri the 

adjoining diagram. Here 5 is the center ofi the base, so that 
l(3\/3) = 2v/3:, - i/liS)^ 4(2^^ h ^ yfS . 
Therefore, the volume of the pyramid is K9vf^)(v^ 

■ ■■■■ ■■■■ ' '•• 

ip^il^^^ of 



33. (C) Let X and y denote the number ^^^^^^^^^ 

acidj respectively, in the originalrsiplutjg]^!- After-^^^^^ 
of dfie ounce of water, ■there;^are: j^^ acid and > 

- i:^ ; X 1 ounces of solution; after adding one ounce of acid,^ 
there are^ + 1 ounces of acid an^^ x^ y -^ 2 ounces of 
/ :^ so ' ^ 



- = T and — ~ r-;r — 

x A-y -^- I 5 : . x + y + 2 . 



Solving these equations yields x = 3^and y - I, from which 
' it follows that the original solution contained ' ^ 



v^34. (Q Let ^^^t? and w denote the distance between the towns, the 
y^^:^:-.: speed against the wind and the speed ^ith the win^i^espec- 
tively; theri tjh^lAane's speed in still + w). We are 

/■"^&iven:that:^-- [\ .: ■ ' 

s . (1) - = 84 and that (2) 



w 



4(w + 



■p#I^SS;wtel#5^ ;'Set x r= d/wi the required retu.i:n time, Then by (2), 

\ //" ^ d; .:d 84-. . , : 

S we obtain x^ - 75x + -756 == 0. The solutions 

. • p X — 63 and x = 12. , 
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35V (E) We shall show that I, H, and III are all true hy giving 
geometric arguments for I and II and then show(rig algebrai- 
cally that III is a consequence of' I and 11, 
■ In the. adjoining fig- • > 

ure, chords giV arid ^ ik-^ — ^^^^P 

have length \S'. The 
five equal chords of 
length jf in the senucirQle 
with diameter KR sub- 
tend 'central angles of 
: 180y5 - 36° each. The 
five isosceles triangles, 
each with base 5 and 
Qpposite vertex at the 
: ' center O, have base an- 
gles of measure 

■ ■ * * ; :j(180° 36°) = 72°. ; 

Now rotate the ;f ntire corifiguration clockwise through 72° 
about O. Then chord Pg, parallel to diameter goes in- 
to chord NRi parallel to dianieter PL. Denote by T the in- 
^tersection of ^WiV arid PL. In parallelogram ORNT, TN^ ^ 
:^VR^4, su^\d TO ^ saw th^t jCMPO = 72°;^ 

■ nbw^^AfTP =.72\a MT\\KO. So, a PMT/\s 

is6^celi&: w^^ d ^ MT + TN 




The segments Pr;- TL and MT, TN of intersecting chords 
MN and PL satisfy iPT){TL) = (MT)(TNj. Sincd" 
^T- OP-OT^ and rL = OZ;+ or == 1 + j, this 

equation takes the-form' . 

1-5^ 



(1 - s){l + j).= J • 1 



or 



Multiplying equation (I) by we get ds - == s, so 

- • , .■...<..-.. ■ ■,■ p . 



II 

7vThe' equa^on 



J? 4- s =^ K:as equivalent to 5^ -f j — lip 0, 



whose p^itlV€^:root is s = - 1). Therefore 



and 
III 



91. 
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OR 



Each chord of length 5 subtends an angle 36** at the center 
6, and AfA^ of length d subtends an angle' 3 - 36^ = 108°. 
. ^ Therefore ' , ■;: » ■ \; '! 

, '""^'-^ : . 5 « 2sinl8< and* c/ - 2sin54^ , 

"v^' ' ' . It^foUows from this and trigonometric identities tifat 

rf- 2sin54^# 2^^^ 

V • / ■ ■ 'and ■ ■ ■ 

r\ ... 5 - 2sini8° ^ 2cbs7r - 2(cos236° - 1) - - 2. 

« Adding d ^ 2 - and s = rf^ 2, we obtain -f 5 = 
d^ - = (d H- - 5), so that td - 5=1. Substituting 
r . \ 5 + 1 for in = 2 - J^ we find that ^^ 4- j - 1 = 0, 

, which has one positive root, j = ^(^5 — 1 ). Then 
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1974 Solutions 



1. (D) Multiplying both sides of the given equation^. by the legist: ^''^^^M^'^i^^l 

common denominator 2^^^ yields 4;;+ 6x = or, equiva4,. . / 

lently, 4>' = jcv - 6a:. Factoring jc fr?om the rigl)t side of tte /' -^''"^f^^^W^ 
; last equation gives 4>! = x{y - 6). Sinc^ =^ 6 we can di- 

vide both^des of this liquation by 7' -- 6 to obtain. (D). . S 

2. (B) Since jc, ahd 0C2 atet)^^?|;;Y - 

3x^ - hx -"b^ 6v'the.:swm;iifi;il^^ • '^''''''^'''^M^S^ 



3. (A) The coefficient of ^ a:'' in (1 '^-^^^^^x^y^^ the coefficient of 

the sum of^ foiir identical tentis^2A:( - jc?)^, which sum is 

4. (D) By the reiiiaihder theorem a; + 51 divided by a: + 1 leaves 

a, remainder of ( -1)^* + 51== 50., This can also be seen 
quite easily by long division > ^ 

. 5. (B) jCEBC ^ 4 ADC since both angles are supplements of 

, 4:^5G, Note the fact that 4:5^Z> = 92° is not needed in the^^ 
f i..*- solution of the problem. ^ j % 



: . ^ - . a: + j^' .+ a; 
• ^*and „ 



Ay2 



: , Siipilariy x - V 

i mutative and associative; - ^ >fr i^^^v-— - ; v 

iVore: The result can also be dierived from the identity 




a: ♦ y : X y 



Commutativjty and associativity of ♦ now follows from the 
fact that they hold for + . . ' j ^ 
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■■■■ -'^v ^;)^"-'f3^^'o: 7 

, 7. (D) Ifoc is the,origin£il pof^ulation, then ' ' 

• Solving for x^ves (D). % . / * 

.•^8/ (A)- Since 3** and 5*- are both oiid, their sum is even. . 
■ 9. (B) All multiples of 8, including 1,000, fall in .the second column. 

10, (B) Putting the quadratic in its standard form: ' 

we see that th6fidiscriminant is 64^ — 
; . 88 - 48Jt = 8(11 r 6^). A quadratic,. equaition_ has no real 

roots if and only if its discriminant is negative,; i)^is negatiyei ; 
if 1 1 >• 6k < 6, that is, v^hen 11/6; the; smallest in- 
tegral Value of ^ for which;the ^uatibn has no teal roots 

11. (A) Since, (fl, /?):;and (c, i/) ;are|on the sai^ == m;c 

' . they satisfy tiie„saime equation. Therefore^^^^^^^^^ * ' . • 

b — mfi k d — mc:^r k. 
Now the distance between and (c, V). is 



7 ■ 



From the first two equations we obtain {b - d) m(q - c), 
; so that - . ^ ■ , ' ■ ■ • ■v:;^^^ 



Note we are using the fact tl^t yjc^-'— fbrfall real jc.; 
Let ^ :be the afigle between th^^ the jc-axis; then 




(b^'df^m^ia-c^f^:./: 
and the square of t he desired distance is 

- (a - c) (1 + m^). 



Since g(x) == 1 W x = I g(x) 

for a:^;^ 0;-'so..' v, .--^^ ■ 



and 



2. 



- 1. 



13. (D) Statement (D)* is tjie contrapositive of the givpn one and the . 
only one of the statements (A) through (E) equivalent to the . 
given statement. 



14. (A) Since jc^ > 0 for all a: f 0, ,jc^ > .0 > jc is true if ' < 0. 
Counterexamples to the other statements *are easy to.con- 
struct^" ' * ; 



15. (B) By definition 
. ; 1 + X '< 0 and 



— i when fl> 0 



^ . If k < -2, thea 
„ when a < 0 

|1 + x| = -(1 + : and 



\ X'< 0 and' |1 + x| = : and |1 - |1 + 

== 1 1 + 1 + x\ = |2 -f x|. Again if jc^< -2, then 2 + jc < .0 
and |2 + a:| = -2 - a:. • V 



16. (A|^^^-a<y pining f igurei a^5C1s 
v^^^i^j^^ triangle, with 

f^'^i^^ - 90*^ and >1B -- AC, 
;ii^ribed iri a circle with center 
O amd radius R. The? line seg- 
ment has Jength R and bi- 
seet^Spine segment BC ^^nd 
: \yith^ centet O' 

i >: ; J^^ 
: '^^^ 

arid AC SLTQ tangent to the inscribed circle with, poihts of 
tangency r and T', respectively. Since a TO', has angles 
45° - 45° - 90° and ,OT = :r, :W have y^ O'A / 

■ = /? -7" = 7V!2 . Heiice R rv^ and /?/|^r = 1 +,v^, / 
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,.^./,v.■■■.. •■>■■..*■.:".■■,■:: ■■■ ;• ■ -■■ :^0f:. 

W(C) Since 7^ «= V 1, (1 +:/)^ =? 2/ and; (1 - /)^ - -2/.; Writing;: 

. ^- • •-■we have ■ - ■ ' ■ ■ ' ' 

(1 + 0'° - (1 - 0''''? (20'° - (-2/)'^- o;' ; 

' dbsei^eMuCl - /) = / - = 1 + /, and /<'=^(- 1)^ ^l. 
'|;|;»'-\ ■ ■Therefore'.:-. ■; ■ ' V ■ ^ 

+ /)'!i.r-(i\-^^^^^p^'V== 1,2,3...; . 

(1 + /)^° = v/l^°[cos.900° 4 / sin 900°] = - 1024,' • • 

(1 -7)^°^= \[cos(-^900<^) +^/^ 
and the difference i?0. •. . " 

■ , ' ■ » ■ ■ ' 1 :. ■ • 



18. (D) By hj^pothesiS we have ' 

3 :^ 8'' = " 5 - 3'; so 5 = (Z^^)^^ 2^^. 



W^j' are asked to find log,o5 = jc, i.e. x such that 10^ f= 5r 
Since 5 = 2^^^ we have 10^ = 2^^^; but- also 10^ = 2^ - 5? 
2^ ^ 23^*^ == 2^^* '^^''^ It follows that ^ . ^ V 

^ xil + 3p(j).=- 3pq and x iVTpg - ' 

.'■ ■ " . ■ ..OR-.' . ■ : .'■ 



We.recali th^hange of baseformula+ . - ^ 

°r- '. log 1} ■ V ' r .1 

(*) log,6 ^ -j-^^ ^nd itscorollap^' 1^^ ° 1^1 ' ^ 

t ' I " ■■ •■ ■ ■■ ■ 

^To, verify the change of base formula ( *) for positive numbers a, b;'c, a 1, c Vvj 

' we set . ^ ^ ■. • . . ■ -' ■ ' '■■ \ '.- \ . ' > 

log„^> -'t/. "so. a^^ b, ^■•■^ ' ' 

, • log^i) « so c*'- • , . s ' * 

■■ log'^fl" so '..c"^- a.; ' 

Thus c*^ « i> - ^ {c^^f « and UW « so £i « V/W as claimed, gating. 
■ ^ « c, wc^also. obtain the important corollary . . ? ■ ■^\ . . *; 
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and write 



Atlb^N 



7> = loggS = 



.1 



logsS . ■; logjl' 31og32\ 



so 



and 



log 



>10^ 1„„ in. Ino Vj- lr>o.S . 



logjlO' log32-+ IpgsS ;. ! /. • 1 +'3pq 



3p 



OR 



Since we are asked for an answer in base 10, we convert all 
the given information to that base, using (f ). Fron* 



logio3 
log 



one obtains 



usmg (f ). 



• logio3 



•■>,.^ ; 

thus 



'tog|o3 =plog|o8, / log|o5 = ^logioS, 



/ ; = - logio5)- ^ ^ , . • 

/ " ■•■■• •' ■ ■. " . ^''r " ■ ■■. . ■ : . ■ - 

Solving this for log,((5 giv& choice (D). ^ 

^■/'■- ^ 

rer^onversion of xdl logaritto a conunon base provides a 
systematic (if ,novalways shortest) iipproach to problems like 
18, and this approach will be used again In fetter problems, 
with a reference back to (*). In the last solution to this 
problem, we/converted to base 1ft only because the answer 
was requested in that base. Thearaditional rejison for using ^ 
base 10 r;^ease of doing numerical computations - has been 
made largely obsolete by computers. V 
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' 19. (A) l^ei DM =j^NB = x; then AM = AN = 1 - x. Now ^ 
' '^u/^ ' • ~ area "A A^iJC - area ACDM . 

Denote tlie; length of each^^^s^^ equilateral triangle 

^ CMN by y) ^ixsi^hQ Fyti^k$o 

* / Substituting the fifst equation into the second we get • ^ 
^ « : 2(1 - - + 1 ;^or - 4jc + 1 - 0. ' 

. > The roots of this equation are 2^' \/3 and 2 + \/3. Since 
2 + W > 1 we must choose 'xj^ V3 and ^obtain a^^ 



aCA/AT = 2\/3 - 3. 



205 (D) By rationalizing the denominator of each fraction, we see ' 
; ' ^ (3 +78) ^ (^ + ^) + (v/7 V^s^r^^--^^ 

■ > : . . V - (v^ +V5 ) + ^^^^^^ 

■ • =3 + 2 = 5. ■ ^ L:V 

21. (B)'*Tfae suni of the first fiye terms of the geometric series with 
^initial term a and. common ratio r is . ^ .\ , ! 

1 ■/ ■ ad — r^) ■ 

1 By hypothesis; or - ar^ = 576 and or - d = 9. Dividing 
Ahe first equation by the last yields* 

: ^ sc> = 64, and r = 4. Sinc<;flr — \i = 9 a^ 4, wei : 
V have a = 3 and therefore \ f " ^ ^ 

2i XE) We^recall tha\ flsine + 6 if + 6^ f 0, can be ex- 
^ pressed in the fohn/* ^ ^^^^^^ v\ V ■ 

^ * + 6^sin(^ + <p), \ ' -r-'^^^:^^^^^^^^^ 



an4 that ■ tjie minimum of sin a is - 1' and occurs when 
a = 270?'+:t36am)°, m = 0, ± f, ±2,. ..., i _ 

AjppJy^Slg this piinciisle to the given 

a "^'' •"Vl^' - 'V.v/i;. . . b _^ ' 



, we find /<p = — 60° and write 



sin^: 2 



J . y4 
2 sm-2- - 



This expression • is- minirnized when ;^A 60° - 270° + 
(3(6Um)°,* thatA M^W^^ *= '660° '+ (720m)°, m = 0, 
• ± U ± 2, . . . . Kcme of (A) through (D)are angles of this form. 



3. (B) 



A. 



Sincfe'TP =: r'P, OT = OVr ^ r, d^vA' 4.PT'0, =? ^PTO 
= 90°, we have aOTP s ^f^Or'P. Similarly AOrg = 
AOr'g. Letting jc = 4T0F^ dJ'OTr md y ^'4^^^ 
^ 4.Q0T y^t obtain -2x + 2/.« 180^. . But this implies that 
jCPOQ ^ x^ry T- 90"*. Therefore aP0<2 is a ri^t trian^e 
with altitude OF'* ■ Since the the* hypo- ' 

teniise.bf a right triangle is^ijie mean proportion ^of^he 
segments it cuts, we have ,t V v . ; . 



9i 

: / 



or 



4. :(A) Let i4 be the event of rolling ^ least a five;, then the pr(jba- . 
^ "bility of i4 is,^ f = f. In §ix rollf of a die the probability of 
: r eveht,i4 happening six ^^ti^ ^iZ^Y 
:■ ting exactly five successes andk)n% failure of ^ in a spfecific 
order S (i):* Since thel?^^^,^ six ways to do this, the 
probability of gettiii^ Tive successes and one failure'of .4 in 



>Y 2^ _ 12 

The probability of getting all successes or five successes and 
one failure in a;iy orden is thti^' . ^ j . ' • 
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V-V-. 



25! (C) Since DM = 'AMUQMA = ^DMC arid XCDM ^.^QAM, 
• we have a QAM s aMCD. Similarly a BPN-= a DNC 

Now, V ;* ; ■ ■ ■ . ' ' 4''^ ^':y; 

■ . area A j2/*C> = area Z~7^jBCD 4^ ar# A Z)OC /^^^ 

v v'-.^ • and'. ' 

V area^DOC = ^ (^area O^l^C^^ = ^ 

. ' : ■, sothat'' ' , ... " ■ ' .,• : 

< ; area AgPa= /: +/g;==>]g-» 
' • . ' ■■ ■ , - : ■ ■ ■ ■ ' ■ '.^ ■' '■ • ' • . '■ • ' 

26. (C) Writing 30 as a product of prim? factors, 30 = 2 • 3 • 5, we 



;^^--:;\,,A,:v ■ (3o)V-.2^-:^^^^^^^^ 

The divisors of (30)^ are exactly the numbers of the form 
2''- 3^ • 5*, where i,.lf,M are non-negative integers between - 
' zero and four inclusively, so there are (5)^ 125 distin^^ 
divisors 6t(30)^ excluding ia^ 

27. (A) Consider + 4| = |3x + 2 + 4| = 3|x + 2|. Now 

' : whenever + 2| < a/3, then \f{x) + 4| < a. Con- . 
sequently whenever \x + 2| < b and 'fe^^ a/3, we have 
• l/W + 41 <a: « V : - 

28. (D) Using the formula for the«um of d geometric series, we have" ^ 

■ ■^■V:;' *•'■■ ' '2, " ^ . 

. - " ^ ' 25 ■■ o . -■ 00 . ^ ■ 

< L 3;;^ = — — = ^• 
: . ^ -."-T . ' ^ 1 - 7. : 

y If a, = 0, then . 

- ■ ■ . ■ ■ ^ - '^z.. v' • ^ 2 . : > 9 ■ 1' , ^ • , 

0^ X < 2^ - J 3 • ji^ 

■ • .. . ^ ^ fk ■■• ■ ■ . ■ ■ ■ ■ 

tI+ 0 + 0+ ••■ <'36< 1. 
«o eithec^.O < 3 or^ 3 < ^ ' 



OR 



'i .-1, M-. 



•^T^'-^/V^:-::: 

y . If the nun4#& repr'ese^ited in base 3, iheri it 'takes the ; \ ;> r ■ . v 
^ :;^fbrm .a^a^a^l* * f wfiere each 4igit -is either 0 or \; /A *:\\ 



, ^ 7. we see that either ^ 



y : . //V<- v,< (p.ioo...)3 OP, jc> (o.2oo:'..)3 % 3. 



, 6 



3Vj - 



•29. (B) For eachV= 1,..., 10, 



" ' ' ' i"^"'"^ -^-X+Z^p^- i} 2(2^/- 1) +s^:+>+ 39(2p~ 1) ' ' ■ 



f:-^p)^p. - 20 • 39 
Therefore, • " ' . 



E^5/= (40)^-E p - (10).(20)(39) ' 



V= (40)^-^^^'- (1Q)N)(3 
=-80,200; . , ; 



30. (A) Consfider line segment AB cut by £i p0nt Z) viith AD =^ x, 

■. ^5 = yy y '<^x and ■ ' ' 



Since y/x = R we can choose x^ X an^ therefore y - 
thus »^/^ =: ■ ■ p and^Rf + - I = 0:^ We can therefore 
write PT ^ = + 1 so that - / 




iQi 
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1975 Solutibhs 



2 - 



1 



1 



2- 



-1 



M-iiE)) The equatiops have a solution unless their graphs are parallel 
. / lines* This will be the case only if their slopes are equal; i.e. if 

^ m = 2m - 1 or m = 1. (The! lines are not coincident since 
they have distinct j^^-intercept^ for all values ^of m.) 



0. (A) None> of the: ineqCTalities are satisfied if 6, c, >, are 
choseil to be i, 1. -1^0,0^ -10* respectively. ^ 



■r- 

. 4, ' 



4. (A) In the adjoining figure, if ^ is the 
length of a sid^e of the first square, - , 
thto j/ is the^length ofa^side. 
of the second. Thus the ratio of » , 
the areas is s^/U/^)^,- 2. V V ^ 

1 «r. . 





,■■ ■ ■ ■ : : ^ - ■ 

9p8^ = 36p*V^ p -i- q = 1. Dividing the second equation 
; by 9p\^ we 'obtain p = 49, and substituting 1 r P 9 
^■^ so 4/5. , - . 

6. (E) Grouping the tenns of the difference a^ ^ 

■ V, 1) +'(4 - 3) + ; • • +.(160^-159),;' ^ 
one obtiains a sum of 80 tenns, each equal to 1. • 

' n L^,r J^II is - 2 if X is negative and 0 if. x is positive. 

• 8 (D) II and lY are theonly negations of th?5 given statement. 
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■' ' ^" ■' . ■ \ - M ^ > ■ ■ ■ ■ ■ • ; ^ , 

9. (fc) Let denote the common difference of the progression 
^1 + ^'02 ^2' • • Then • ./ 

' ' ' >• . )!^d ='\a,^ + 6,oo) - (a, + 6,) = 0, / 
y: - ■ JJjMs 0, and 10p(<a| + 6,) = 10,000ms the desired sum. 

> ^ (lV+ l)^== 10^^ + 2' 10^+ 

' The sum of the digits is therefore 1 + 2 -f 1 4. ^ ■ 

1 1. (E) Suppose P js the given^oint, 0 is {he .center of circle 

and A/ is the midpoint of a chord AB passing through P. 
Since -iOA/P is 90^, ^ lies on a circle C having OP for Its 
• dtanieter. Converselyfdf A/ is any point on the circle C, then 
the chord of circl/^ passing through P and A/ (the chord 
of ATitangenfto^CJ ajl P^ifWl« P) is perpendicular to OM 
/ ■ Hence M is the*K]^'dpmnt of this chord and therefore belongs 
to the locus. ' r 

12. (B) vlf a ^-b.a^r- r 1^-^^ and a - 6^= then 

■=19;c3'- " • ■ V. ■■. 

Dividing the last equality above by a: and substituting 
6 = — jc, we obtain # ' ♦ 

18a:2 + Sax'- 3a^. = 0, ' 
, So a = 3a: or a ~ — 2a:. 



13. (D) For X < 0, the polynomial a:^ ~ 3a:^ ~ 6a: ^. - a: + 8 is posi- 
ng, tive. sii>ce then all terms are positive; so it has no negative 

zerofe!Atx= l, the polynomial is negative and hence has at • 
V least one fiositive zero {bet\yeen O and 1). . 

14. (E) L^et H, I and S denote whatsis, whosii^is ^^^o, respec- 

tively. Then = / and 75 = 25^imply PK =%^ 
lently, since S > 0, 7/ = / = 2 iihplies- = if ^ 

^ ' 5,25 =:52 and / = 2, or ' equivalently F > )\= 5 = 2, 
• . then }V= S, so that HW - 4 «.S;+ S.v , 




■■■■■■ •■. V rt ' : i: ' ■ V • ■ 
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15. (A) The first' eight terms of the' sequence are 1, 3, 2, -1, - 3, -2, 
. 1.3. Since the seventh anld eighth terms are the same as the 
first and second, the ninth teirrn will be the same as the third, 
' etc.; i.e., the sequenfie repeats 'every six terms. Moreover, the 
° sum'bf eacK six term period is 0. Hence the sum of the Cirst 96 
terms'is zero, and the sum of. the first on^ huijdred terijils is 
v. / the sum of the last four terms 1 + 3 + 2 - 1 := 5. 



16. (Cyibenote the 'fiist tfermj of the series by a and the- comm()^ 
ratio by J/n; then the, sum of the series is 

' . and a ^ 3 - (3/;.). ■ 

since fl, and n are positive integers, 0 < \/n^\, n = 3 and 
• • <j-= 2. The surri of the first' two terms is 2 -17^(1/3) = 8/3. 
iVo/e: The'desired sum clearly lies between 1 and 3, 5o (A), (B) 
'arid (E) are impossible. -If (D) were the answer, the first two 
terms would both be 1 . also impossible. This leaves only (Q. 
■ . ; [. ■ ■■*■ ' ■ ■ ■ ■■. , \ ■ , ■ ' • ' •,■ ;. , , 

17 (D) Since the commuter miakes two trips each work day, the total 

number of trips is 2x;' thus 9 + (8 + ;5) ='32, and 

x=, 16.. ■ ,., ■ : \ ■ 

Note: The given information was deliberately redundant. "If. he 
comes home on the train, he toek the bus in the mornmg is 
logically equivalent to ^' If he takes the train in the morning, 
• he comes home by bus in the afteniOon.?V ' , 

18 (D) There are 9pO. three digit numbers, and three of them (128^ 

256 and 5 1,2) have logarithms to base two which are integral. 

• So 3/900 - 1/300 is the desired probability. 

19 (EW For any fixed positive value of x distinct from one, let a ^ . 
■ ^logjx, 6= log,5 and c = l6g35. Then x =-3V5 = x^^and 

5 = 3'. TheselastequaUti6simply 3"^= 3'.'or fl6 = c. Note 

* ^ .that log, 5 is no t. defined for x = 1. 

■ .'• ■ '--^ » ■.■..■.; ■■■OR; ^ ' . 

. ■ Coiiverting all these logs to some fixed but arbitrary base d 
* (see footnote on p. 82), we obtain . y 

(log3x)(log,5) = r—^ V 



for all X i= \i 



logd3 logrfX logrf3 



.•StJLUTIONS: 1975 EXAMINATION , 91 



, ,,^0, (B) In the .adjoining figure- let h be the lengthf of altitud(J'/4iV 
' \ . drawn to BC, let x « BM and let y ^ NM. Then 



, ' /«2 + (x + A-) = 64 , 
'h^ + (;c-;;)^ = 16, 




B X - y N y M ^x- 



C, 



Subtfacting\^twice the second eq(uation )from the sunt of the 
first and third equations yields 2x^ = 62. Thus x = ^ 
and BC = iM". . 

^ • _. \ : ■ OR. 

Recall that the sum of the squares of the sides of a parallelo- 
gram is equal to me sum' of the squares of its diagonals. 
Applying this* to tlie parallelogram having AB and AC as 
adjacent sides yieldsW^ + 8^) = 6^ + {Ixf, x = v/3T. 



21. (D) Letting fl = 0 in the aquation fia)f(b) = f{a + 6) (called a 
functional equation ) yie\ds\f(0) f{b)=f{b), ot /(O) = 1 ; let- 
ting b = -a in the%nctional equation yield$ /(fl)/(-fl) = 
/(O). or/(-fl)= l//(fl); ahd . 



22. 



f{a)f{a)f{q) = f{a)/{2a) =\f{3a), of f{a) = {f{3a) . 

* The function /(aO - 1 satisfies the functional equation, but 
does not satisfy condition IV. \ , 

. - ■. ■ ■ : : . v.- ■ , V 

(E) Since the protect of the positive inte^al foots is the prime 
^ integer q, ^ must be positive and the roots niust be 1 and 



Since 77 = 1 4- ^ is also prime, q = 2 and p 
four statements are true;^ J \ 

. .■ ■ \ r *■ " ■ \ 



3. Hence all 
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23. (C) In the adjoining figure^gpnals 
AC and Z>5 are drawn, mncc O 
,is the intersection of the medians 
of Ay4BC, . the altitude of aAOB 
from O is i the altitude of 
Ai4i3C from C; i.e. j the side 
length, s, of the square. Hence 

' area aAOB (area aAAC) 

Similarly, area ' A <70i3 « The area of yi OCZ) is ob- 
tained by subtracting the areas of triangles i40B and COB, 
• from that of the square, s6 areai40CD = j^ ~ jj. = §J 

Introduce coordinates with respect to which AB is the unit 
interval on the positive x-axi^ and"^D is the unit interval on 
the positive >-axis. Now * ^ ; : 

area AOCD ^ area Ai4CZ) + area aAOC 

3" ■ ■ ■ 



•2 ■ 2 



11 



The rowS of >the determinant are the coordinates of O aii'd C. 
Those of (0 are (^,^) because O is the intersection of 
medians of A i4-BC. ■ ^ , „ 

Note: Since the area of aABN is i of the area of the square, it is 
clear that the-^esired ratio r satisfies {< r <l. Only (C) 
fulfills this condition. 



24, (E) If 0° < < 45°, then (see Figure 1) an application of a 
' theorem on exterior angles of triangles to. A£i4C yields 
10 <= ^EAC + e. T^efore 4EAC = and aEAC is iso- 
sceles. Hence £C =^ = /ID. 




180-2fl 




Figure 2 
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If 45°, then A/lflC is a 45°-45°-90° triangle and 
E -B. Then EC BC AB " AD. 
'f If 45° <■(? </60°, then(sceFigurc2) 

jCEAC m° - 4AEC - 

= 180° - (180° - 2tf) - 0 

• = 

Thus tkEAC is isosceles and EC ^ EA ^ AD, 



• • ■ > . . 

25. (B) If the son is the worst player, ^e daughter must be his twin. „ 
The best player must then be the brother. This is consistent 
with the given information, since the brother and the son 
could be the same age. The assumption that any of the other 
players is worst leads to a contradiction: ^ . . 

If the Nyomari is the worst player, her brother must be her 
. ^twin and her daughter must be the besl player: But the: . 
wonjan and Her daughter cannot be the same age. 

If the brother is the worst player, the woman must be his 
twin. The best player is then the son. But the woman and her 
son cannot be the same age, and hence the woman's twin, her 
brother, cannot be the sanie age as the son. ' ^ 

If the daughter, is the worst player^ the son must be the 
daughter's twiiti. Thie best player must then be the woman. But ^ 
the woman ^ind her daughter cannot be thie same age. ^ 



26. (C) In the adjoii^ing figure 

T^D/CD^ AB/AC, 

since an angle bisector of a 
. triangle divides the opposite 
side into segments which are 
ptoportional to- the two adjac- 
ent sides. Since CN = CD 
and BM = BD\ we ^have BM/CN « ^B/AC, which 
impliesUhat MN is parallel to BC. Since only one choice is 
correct, it must therefore be (C). Actually, it is easy to verify^ 
that (A), ^B), (D) and (E) are false if 4 A = 90° - 6, i^B = 
60° and ^IC = 30° + 6, where 8 is any sufficiently small 
positive angle. 
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11: (E) If p, q, r arc roots, then the polynomial can Ue factored as 

.follows:.-; ' - ■ ' ■■■ .-■,:.:.-.„. 

- + X - 2 - U 7 - '/K-* - O . 
. Equating coefficients of lik§ poWcrs of x, we find 

/? -f 9 -f r « ir pf v,r i» . pq^ ""2. 

In looking for the sum of the cubes of the roots of a cubic 
equation, let us use the fact that each root satisfies the 
^equation: * " . , 

|3 1 n2 + n -.1 « 0 



P"" ^ P^^ /? -'2 



• - + r - 2 =■ 0. 

• Adding these, we obtain • * 

( ♦) + 9' .+ - ( +. 9' + '•') +1/' + " ^ " °- 

'We saw that p f. q + r ■= 1 and shall' deterinine the sum of 
the squares of the roojts by squaring this relation: „ , ' 

(p + 9-+ r)2 = + 9^ + + 2(p^ + + ^r) = 1 

' , ^ p^ q^ -V ,- 1> 

• . • y + ^2 ^ ^2 - = -1. . 

Substituting this,into(*), we obtain .. .• ' ; .. 

1 + 6 = 4. ' ^ 



p\-¥q^ + = -1 



28. (A) Construct line tP paraUel to EF and intersecting /IB at. P. 
.. :■ Then 

AP ^ AF 
AC AE'. 
that is, 

AP _ AF' 
• 16 2AF' ■ 

so 

AP = S. 

■ ■ t . ... 

Let a, X, y, a, fi, 8 and 0 be as shown in tHe adjoining'^ia- 
gram. The desired ratio EG/GF is the same . as y/x wftlch 
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we now deteniiine; By the law of sines, • 



a 



_ 12 

\ sin a sih d 

Hence 



16 



16 



siniS sinQSO^ - 6) smO' i 



sin jg ^ 3 
J V .sin a . 4 




16 



16 



sin iS sin(180° - 5) sin5 ' 



Z 7 P ^ 1 



sina 
OR 



2* 




Join GB andxGC Triangle ABC is subdivided into six 
smaller triangles whose areas are 

denoted by a, b,v, d,e^, f, as in- J^C 
dicated in the/diagrjmi Trijangles 
AEG and AFG^havc the com- 
lon vertex A, so their areas are 
\ the ratio £G to GR Thus 

GF a\ ^ ■ 

and this we now calculate. 
Triangles ACM and ABM have equal areas, so 

jc Siniilarly / == c, and- hence ^ = a + 6 by subtraction. 
Let x' be the length ^F, so that AE = 2>:, FB = 12 - x, 
£C = 16 ~ 2x. Then 

* b 



FB ^ U- X € ^EC le-lx 

a FA X d EA U'' ' 



Hence 



and 



^ 12- jc 12 

X X 



^ 16 - 2x^ .16 
2x 2x 
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Extend BC and FJE until they 
intersect in a point /T; see the 
adjoining figure. The collinear 
points i4, G, Af lie on - sides (or 
their extfensibns) BF; FH; HB 
of A FBH respectively; They also 
lie on extensions of sides 
CCE, EH, HC of aECH. We 
may therefore apply Mesnelaus's 
theorem^ and find 




HG FA \ BM ^ V Ml E^ . ^^ V 

Jg BA ' HM' V EG CA HM :\::,^,r'^. 

^^r^QJ&tM^BM2^ 
^ tion by the second yields ^ ^ ^ 

EG_^BA_J\r^l 

29 (C) Instead of trying to compute (v^ -P v^)« directly, we com- 
pute something sUghtly.larger and easier to compute, because 
many terms cancel; namely we compute 

When (a + 6)" and (a - are expanded by the bi- 
nomial theorem, their even-powered tenns are identical,! an^ 
their odd-powered terms differ only in sign; so their sum is - 



tlAenelaus's theorem: If poin»s X, 7, Z on the sides BC, CA, AB (suitably extended) 
of A /IBC are collinear, then 

BX CY AZ ^ 

CX AY BZ" , ... 

Conversely, if this equation holds for points X,Y,Z on the th^ee sides/then these three 

points are collinear. \- . „ ' . , ,„ ' 

For a proof, see e.g. H.S.M. Coxeter and S.L. Greitzer Geometry Revisited, vol. 19, p. 

66 in this NML series. 
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.this piiriciple, applied with a =, }/2\ b =» k = 3 yields 

Jf Since 0 < ^ - }/2 < 1, 970 is thie smallest integer larger 
- / : than/i/3 + V . . ' ; / : 

30. (B) Let w = cos 36° and let 7 = cos 72^, Applying thei^identities 
' ' .cos2^ = 2cos^^ - 1 and a)S2i9 = 1 -^2sin^6', 

with 0 = 36"* in the first identity and ^ = 18"* in the second 

yields"'';'--' ■ .'-f'-:-'-'"^ ^' , ' ^ •,- 

y ^ 2w^ - 1 ' and w == 1 - ly^* 
Adding these last two equations yields 

> +7 = 2(w2'-;;^) = 2(w -7)([w +y) 
and division by w + X yields 2(w/-- 7) = 1, so 



Ill 
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^ 1976 Solutions 



2. (B) If x + 1 ^ 0 then -jx -h 1)^ < O'm d i->(x + \f is "ot 

real;'if X + 1 = 0 then V- + l)^ = 0- x = -l is 
the only value of X for which the given expression is real. 

3. (E) The distance to each of the two closer mid points is one; the 

distance to each of the other midpoints is. vl^ + 2^ . 

4. (C) The sum of the t^s in the new progression is 
1 >^ V 1 r""' + r"~^ + • • • + 1 



1 + - + • • • + "T - \.n- 1 



r 



' iVo/e: If r = 1, then .s = /I and the sum of the reciprocal pro- 
gression is also «/TWs eliminates aU phoices except (C). 

5 (C) Let / and m be the tens' digit and units' digit, respectively, of 
a number which is increased by nine when its digits are 
reversed. Then 9 = (lOii + /) - (10/ + =^9(m V/) and 
M =/+ 1. The eight solutions are {12, 23,. .., 89}. 

6. (C) Let r be a solution of - 3x + c = 0 such that is a 
solution of + 3x - c =T.O. Then 



- 3r - c = 0. : \ - 
which impUes 2c = 0. The solutions of - 2x = 0 are 0 
and 3. ■. ; . 

Note: The restriction to real c was not needed. 

7. (E) The quantity (1 - \xm + x) is positive if and only if either 
both factors are positive or both factors are negative. Both 
factors are positive if and only^ if -l <x < 1, while both 
factors are negative if and only if x <: —1. 
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99^ 



:^;8. (A) ^ilie fjoiilts whose coor- 
^ dinates are integers with 

i : -"^ absoliite value less than' 
; : ^ t 6r equal tg^^ four. foi;m a 
9X 9 airay, arid 13 of 
. these points are at dis- 
^ ■ . tarice less than or equal 
to two ' Units from the 
origin. See figure. 




h (b) Since F is the midpoint of 
BCy the altitude of av1£:F 
from F to AE (extended 
if necessary) IS one half the 
alfltude of a ABC from 
. C to 45 (extended if nec- 
^ essary). Base 4£ of aAEF 
: 'V' is!^3;^4 of base^45 of 
: A ABC. Therefore, the area 
^ of A >1£F is ; 

: - • -(1/2X3^^ = 36: . V - v^^ 

10. (D) For the given functions, /(g(A;)) = g(/(A;)) is equivalent to 

m(px + ?) + n = p(mx 4- n) + ^, ' - 

which reduces to 

: ' ; m9+ or \n{l - p) - qi^ - m) = 0, 

■ " ^ If this list equation holds, then /(g(A:)) = g(/(A:)) is an" 
id«itLty^J..e, Xrue for every value of If o ri' the other han d 
w(i -r /?) f then /(g(x)) -g(A>c)) has no solu- 

tion in X. 

■ ■ ■ "■ ■ . . •^^ ■ ■ ' . 

Note: If the compositei?:|^[g(x)] and g[f(x)] of such functions / 
. and g have the same output for some input x, then / and g 
commute under comi)o"sition. ; , 

li: (^^^ statements "P implies e," "Not g implies not P'\ 
arid "Not P or are ° equivalent. The given statement, 
statement in and statement IV are of these forms, respec- 
.; ••tively. ■ ' ; '•■ 
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100 



A2: (G) The 



THE Ni^AA ''problem BbOK/IV . 

^ . ^^-e are 25 different possibilities for the number of apjpl^s a 

■ -crara can^ contain. If thfere were no, m6re than five crates 
. »c£fntaining apy given number "of apples, there could be at most, 
' 25^) p lK . crates., Sihce/tl^er crates, n > >ye 

cbncllide n =r j6. by observing that it is- quite pbssible that 
- twire ate exactly six: era containing; apples in each of the 
caies. k = t20, llzi^ 122, and exactly five crates containing k 
adples in each of the cases fc=^^ ^ 



13. (A) Ira cows give 6 cans in c datysiid 4 cows give 5 cans in 
'days, then we maice^ the basic assumption 

■ : , : AC'~ ac' - ■■: ' ■ . 



i.e/that the number bf cans per cow-day 
Jn the precent cdse a = x, b =x + 1, c 
X 3, B ='x+ 5. Thus 



is .always the same. 
=7= "x"+ 2, and. .4 = 



x:+5 x-hl : l x(x + 2){x + 5) 

: (x^ ~ x{x + 2). ^ - (x+ l)(x+3) ' 

Note: As a partial check, we verify thiat pur answer has* "the 
appropriatei units: > 

" . x-^pws-(x + 2)days(x + .5)cafts, ^ c? jfays . , 
(x + 3)c€ws(x + l)ca»S; ; . ^^^^ :^ 



14. (A) Let w;be the number of sides of the polygon. The sum 

the interior angles, of a convex polygon with w sides is 
(w - 2)^180°, and ^the sum of w terms of an arithmetic prp; 
gressioii is n/2 tunes the sum of the first and last terms. 
' Therefore , 



^ . (w--2)I80= ^(100 + 140): 

Solving this equation for n yields w' =7 6. 



15. (B) Since each of the given numbers, when divided hy d, has the 
same remainder, divides the differences 2312 ~ 1417 = 

. , 895 = S • 175 and 1417 - 1059 =^ 378 = 2 • 179; and since 
179 is prime, ^^'l79. Now 1059 = 5 • 179 + 1^, r = ;164, 
and r=J79j- 164 = 15. 
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i. 



loi; 



16. ^E) Let G and, if^ be the points at wfiicH' the\.dti^^ C; 
V ' and f; iiitersect sides y4JB tod'2)£, resp.^^ Rigbt triani':, 
^ ^es AGC and i^fflp are (iingruenty.s^^ 4G and side; 

- " FH have the same length, . and* hypoteii^se AC and )iyT 
^ . ' potenuse -^i^ have the ssAie length, ^^lerefore, -<G/4C ==^j; 



jCrDFH] 



so 



and 



jCACG jCGAC = 

. ■ • . ■■■ • ; : . ■ ■ -x 

4ACB •^:iCDFEr=r 2iCAC^ -^- ^jCDFff = 180^ 



areaA.45C = 2(area a y4CC?)^v2(]^ea a Z>i^^^^ 





A- \i G B D 

17. (A) Using trigonometric identities, >^ obtain 

_^>?^(sin<? + cos(9)^ = sin^^^ * 
' sin2^ 

■ " ■ •=! + ^- ... 

Sin ce g is acute, sin 0 + cos 0 > 0 and sin cos 0 

- }fTTa. , .■ ■■ ./ :■. 

18, (E) In the adjoining figure, £ is the point of intersection of the 

I circle and the extension of DB, and FG is the diameter pass* 
ing through 2). Let r denote the radius of the circle. 
Then - 

{BC){BE) = {AB)\ 
3{DE + 6) = 36, 
DE = 6. 

Also 

{DE){DC) = {DF){DG), 

6-3 = (r-2)(r + 2), 
18 = r2- 4, 




The givendnfohnatioft says that,^(l) =^ 3 and p{3) = 5; Set- / 
ting jc =1 and then x =^ 3; we dbfaih^ ^ ' 

J , P(i)> « * =f 3, V(3) 7 - 5, . r ^ 

r ' SO i; b ^ 2y and r(3C> ^ x + 2/ , ^ ; ■ ' ■ 

20. (E) The given equation may.be wntten m the form ^ 

^ ^ 4(log^)^ - 8(log^x)(log^x) + 3(logi,x^ =T^; ■ 

(2 log^x - log^x)(2 logU - 3 logfeX)^ Or^ ^ ^ . ^ ^ ^ 

. Let r = lo'g^x^. . Then - ? > • . ^ V- ■ " ^ 

a''=,x2 and fi' = JC, or a"" = jc^ and ft"" = / 

. " Since JC =f 1 Whaye r 0; and 

2L (B) Wb recall th^t 1 + 3 + 5 + • • • +.2« >^ \ = + ^ 

''write the product ■ ■' *' . . '"'^ ' ' ■ - ;■• 

^ 'i ^^ 2^/^62^ • s,.> ^ 2<^"-*->>/^ ii2 ="^"2^""^*^^^- 

; ^ £Since 2*5 = 1024, w^ consider Values of n !pr wluch t 

-"^(w^+^lj?/7 is apprpxuna^ly-10: — — — > 7~~; 

; < 1000 < 1024 = 2'V< 2<'-^'^'^', 

;'■>' :: ::.::/and 7J. = '9. . ■ :^ ^ ■ , • ■ ^'^i ; ': 

■ . ■ . '■ ■ . ■ ■" . \ ■ .■ ' . ■■ ■ ■ " - " , . ■ . 

22 (A) Let point P have Coordinates in the coordinate sys- ; 

tem in which the verUces of the equUateral tnangle are ' 
(0, 0), (j, 0) and (5/2, -Then P belongs to the locus : 
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if and only, if, ' - ~ 



or, equivalentlyi if and only if 



a — 2 s 



' = (x - 5/2)^+ - 5^/3/6f - 5V3, 



^=(x'^V2)'^(:>;-5,/3/6)l 



Thus the locus is the einpty set if a < s^; the locus is a single 
point if a = s^; and the locus. is, a circle if a > s^. 

'23. (A)' Since all binomial coefficients | ^ j -are' integers, the quantity 
n-ik-iinX jn + l) - 2{k + I) ( n' 



k + 



il): 

h+ l k\{n -k)\ • Ul 

_ :(>» + 1)! (n\ 
(k -f l)!(n - k)\ , \k} 



is always an integer. 



24/ (G) In the adjoining figure, MF is parallel to ^5 and intersects 
KL at K Let r, 5(= r/2f and / be the radii of the circles 
with centers K, L_and_Af, respectively/ Applying the^ 
y~Pytfiagoi^a^^ yields 

Equating the right sides 
of these equalities yields 
r/t ~ 4. Therefore the r , 
desired ratio is 16. 
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25. (D) For all positive ifitegers n, , . 

- ' a'("„) ^*(« + iV + (n +- 1) T = + 3« +4. 



a2(wJ = 3(n :+'l)^-+ 3(n + 1) + 2 - Sn^ - 3n - 2 ='6n. + 6 



iVo/e. If w„ is a polynomial in « of degree;*^ then :A^w„ is a 
polynomial of degree r - 1, a^w„ is a polynomial of degree 
r - 2, etc. From this we see that a^w^ is a non-zero constant 
sequence, and a ''^ ^ w„ = 0. In the present example r = 3, so 
A^w„ is ai non-zero constant, while a^^w^ = 0. 

Readers familiar wi th c^culus will note an analogy with the 
fact that if /(jc) is a polynomial of degree r, then the.rth 
derivative DJ{x) is a non-zero constant, while D^^^f(x) = 
0. The finite difference operator a is known as the forward 
difference operator and plays an important role in numerical 
analysis. 



26. (C) In- the adjoining figure, 
X. Yr V 3nd W »e the 
points of langency of the 
external common tan- 
gents; and R and 5 are 
the points of tangency of 
the internal common tan- 
gent. From the fact that 
' the tangents tp a circle 
from ah external point 
are equal, we obtain: 




PR =^ PX, PS ^ PY, 
QS=^QW, QR^QV. 



So 



Pi? + PS + QS + QR = PX + PY + QW + QV, 
and thus 

'2PQ='XY'\'VW. 
Since XY ^^ VW/ PQ =^ XY^ VW. 
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27. (A) A direct calculation shows that 
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.V\/5 + 1 



. = 2, 



and 



3-2v/2 = 2-2/2 + 1 = (\/2- 1)'. 
Since a radical sign denotes 'the positive square root, - • 

N = '^ - - 1)= Ij. '* 

t ' 

- . 7l00\ 100 - 99 _ 

28. (B) One hundred hiles intersect at most at 12/'^ 2 ~ ~ 

4950 points. But the 25 lines L4, Lg,..., L,oo are parallel; 

hence (^^ ] = 300 intersections are lost. Also, the 25 lines 

V^' ■ ' /25\ 

~ . L„ L5,... , L97 intersect only at point A, so that 2 ) ~ ^ 

= 299 more intersections are lost. The maximum number of 
points of intersection is 4950 - 300 - 299 = 435 1. 

29. (B) The table below shows the ages of Ann and Barbara ^t 

various limes referred'to in the problem. The first coluAm 
indicates their present ages. The second column shows their 
ages when Barbara was half as o|g as Ann is now— that was 

y - (x/2) years ago, hence Ann*s age was x - {^^2) ^^^^ 
— —>;. The third column refers td the time when Barbaras 
was as old as Ann had been when Barbara was half as old as 
Ann is— that was 7 - (-y - J' j ox ly -^ ^^^^ ^^o; 
hence Ann's age then was x - 12 yzjr_ ]^L T2 .Z 









5x 


-2y 


Ann 


X 




2 






X 


3x 




Barbara 


y 


■ 2 


2 


-y 



By the conditions stated in the problem, x + = 44 

^ -ly, the simultaneous solution of these yields ^ 
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■ '■ ' ■ •/ ■ • . 

; • . ■ • ■ • . ■ . 

30. (E) We observe that we can find a system of symmetrie equation^ 
by the change of variables 

• 1 - 

(1) • x = 2m, y^Vy^\z^=-w. 

This substitution yields the transformed system * 

w + t? + w.= 6, . • - 

(2) Mt? + t?wV W = 11, ^ ^ 

y ^ uvw = 6.^ 

, 'Consider the polynoniial'/;(r) = (r - u)(t - v)(t - w), 
where (u, v, w) is a solution of the system (2). Then 

(3) /;(r) = r^-6r^+ llr-6, ^ ^ 

and u, V, w are the solutions of p{t) = 0. Conversely, if the 
roots of p{ty = 0 are listed as a triple in any order, this triple 
is a solution to system (2). ' . 

It is not hard to see that /;(r) = 0 has three distinct solu- 
tions; * in facjL, /;(r) = (r- l)(r- 2)(r - 3); So 'the triple 
(1,2,3) and each of its permutations satisfies the system (2). 
. Since the change of variables (1) is one-to-one, the original 

system has 6 distinct solutions (jc, j^, z): j[2, 3, 1), (2,2,i), 
(4, l,f), (4,3,^),(6, l,l) or (6,2,^). \ , .. a 

Note: There are methods for determining all solutionsj)f a sy|tein 
of linear equations in n uhmowns, on the one hand, anq of |a 
single w-th degree polynomial in one variable, on the ^thet. 
No such simple methods are generally applicable tp hybnd ' 
systems of the type presented in Problem 30. The proble^n 
shows that some very special systems can be transformed into 
a system of n equations (w = 3 in the present case) involv- 
ing the elementary symmetric functions of w variables, thus 
permitting solutions via a single polynomial equation of de- 
gree w in one variable. 
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0^ , . 15>77 Solutions 

, ■ • 1. (D) X + z = X + 2x '{•2y =^x + 2x + 4x = 7x.. - ^ 

V. 2. (D) If three equal sides of one equilateral triangle have length s, 
and those of another have length //then the triangles are 

congruent if and only if J = ; 

■■ ' ■ "if • - , . •*■■ ■» • . 

3. (E) Let n be the number of coins the man has of each type; their 

total value, in cents^ is * 

^ 1 • + 5 • w + 10 • w + 25 • w + 50 • « = 91«% 273, 
and w = 3; three each of five types of coins is*15 corns. 

4. (C) Since the base angles of ah isosceles triangle are equal, 
; 4:5=4:C = 50^ 

4.EDC =UCED = 65° and 4BDF = jCDFB = 65 
J It follows tljat 

^ 180° -2(65°) = 5K ; 



o 



Note: The m&asxxte of 4 EDF is 50° even if =/= :/4C; see the 
' Figtire below. : ■ ' 

■ r.-.\,iFI)E:= 180° - 4EPC - 4BDF 
: ^ = 180° -,i(180° - 4:C) 
i' , ; - Kl80° - 4B) 

= 1(180° -^A) 
= 50°. 




5. (A) Jf P is on jine segmeiu Jhen 
wise AP + PB > AB. 

' " 2 

y. 



MD)(2.4)-[(2,):-.(f)-]=(ii±^)-[.i. 



4x 1 /VI 



4x ^2xy 



IS 



ATo/e: The: function /(x, = (2x + |) . [(^x)"^ + (|) 

homogeneous of degree - 2, which means that f{tx, ty) = 
/"^/(x,/). Only 'choice D displays a function with this 
property. 
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* ' ■ . 

. ^ - (i + te)(i + V2). 

• .. ^ .4 

■• ' } ^ 

' 8. (B) If fl, 6 and c are all positive (negative), then 4 (respectively/ 
-4) is farmed; otherwise 0 is formedj ; 

9. (B) Let AB 7= and JlD == >«°, Then . " 

Solving this pair of equations for y, we obtain 30?, and' 
hence ^C^hY = 15°. - , 

10. (E) The sum of the coefficients of a polynomial ;7(x) is equal to 

/7(1). For the given polynothia^his is (3 • 1 - 1)'^ = 128. 

11. (B) If n <x < w + 1, then w jc + 1 + 2: Hence 

+ 1] = \x\ t 1. Cho9^^^ y ^ 2.5: shows, that II and 
III are false. 

12. (D) Let a, i>, and c denke the ag^s of AUJBob and Carl, respec- 

tively. Then - ; 

fl =16 + (fe + c) and a} = \6^2 + {b cf; 
so fl^ = 1632 + (fl - 16)^ which yields 

1632 - 2 • 16a + 16^ = 0 and flf= 59.. 
Then 6 + c = 59 - 16 = 43 and fl + 6 + c = 102. 

Since we are interested in the sum' a + b + c, we try to write 
it in terms of the infonnation supplied by the problem: 

• [ a + b+ c][a - jb + c)] ' ' (b + cf 

,. . ; ■ 16 ■ . ••• ' 
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13. (E) The second through the fifth terms of {£pj are 



If these terms are in geometric progression, then the ratios of 
successive terms'^must be equal: = Uj'^' a^aj- Since a, 
and ^2 are positive, it is necessary that 0^ — 02- 1. Con- 
versely, if - ^2 = h then is the geometric progres- 
sion. 1,1, 1,... . 



14. (B) If fn + h^mn, then 
' . m + w - mw ^ 0, m + w(l- m) == 0, 



m- 1 ' 

for m I. There are no solutions; for which m ^ 1. The 
solutions are pairs of integers 6n^ if m is 0 

-.or 2. 

If rm = m + w, then (m - l)(n - 1) =1. Hence either 
m - 1 = n - 1 = 1 or m - 1 >= w -7 1= -1. Thus (m,7i) 
- or (0,0). ; :^ . ' ^ ■ 



iS^/D) In the adjoining figiire, jP5 and 
QC are radii drawn td common 
tangent AD of circle P and 
circle g. Since MB ^ iCQDC 
== 30*", we have. - _ 

■/■'■' ' >5 = a) = 3^/3": , 

Moreover BC = jPQ = 6, arid 
hence AD ==,-6 + 6/3". There- 
fore the perimeter is 18 + 1 8/3 . 



\f>. (D) Since . 

/"^W(45 + 9Q(w> 2))° - -/"(-^^^ ; 

- /"(cos(45 + 9QnY)\ 

every other term has the same value. The first is ytl/lyj and 
«there are 21 terms with this value (w = 0,2,4,. 40). T^^ 
■ . second term is / cos 135° - /v^/2, qid there are 20 teyms 
with this value (h 1,3, . . , , 39). Thus the sum is 




123; 
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17. (B) The successful outcomes of the toss aure the permutations 



of (ly'2; 3), of (2, 3, 4), of (3, 4, 5>an(^ of (4,5,^. ;Tli 
bility that one of these oiitcomes will occur is 



oba- 



18. (B) Let J/ ije the desired product. By definition of logarithms, 
2'°^'^ = 3. Raising both sides of this equation to th6 log 34 
power yields 2^°8^^^<'°5'''^ = 4. Contmuing in this fasW^^ 
obtains 2>' = 32; thus > - 5. * ■ 



■ OR 

Express each logarithm in the problem jn t^rms of some fixed 
base, say 2 (see footnote on p . 82). Then we have ' 

log23 log24 'logzS log231 log; 32- 



^ log22 ■ log23 
which telescopes to 



■ log24 



log230 log231 



y = 



iog232 
^ lbg22 



19. (A) The center of a 
circle circumscrib- 
; ing a trian^e is 
' the point of inter- 
section of the 
. perpendicular bi- 
sectors of the sides 
of the triangle. 
• Therefore, P, Q,R 
and 5 are the in- 
tersections of the 

^ perpendicular bi- 

sectors of line seg- 
ments C£ 
and DE. Since line 
segments ^ per- 
pendicular to the 
same line are paral- 
lel, PQ/l^ is a 
parallelogram. 
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20. (E) AH admissible paths end at the center.^ ^* ' q 

"T" in the bottom row of the diagram. ' y^r^ 

Oiir count is easier if we go from the. end CO 
/ to the beginning of each path; that is, if CON 
we spell TSETNOC, starting at the bdt- . ^ f^^^rn 

torn center and traversing seqiiences of OONI 
horizontally ' and/or vertically upward CONTE 
directed segments. The count becomes • nnMrnTTQ 
; easier still if we take advantage of the CaJJM LxLu 
synimetry of the figure and distinguish CONTEST 
those paths whose horizontal segments 
are directed to the left (see^ figure) 
. from those whose horizontal segments are directed to the 
right. These two sets have the central vertical . column in 
common and contain an equal number of paths. Starting at 
the bottom comer "T" irf our figure, we have at each stage of 
the speiling the two choices of taking the next letter from 
• above or from the left. Since there are 6 steps, this leads to 2^ 
paths in this configuration. We get 2^ paths also in the 
symmetric configuration. Since we have counted the central 
column twice, there are altogether 2 • 2^ - 1 127 distinct 
paths. , ; , 

21. (B) Subtracting the second given equation from the first yields . 

flx + X + (1 + fl) = 0 • 

or, equivalently, 

■ ; ' (fl + i)(x + 1) -0. 

Hence, a = -1 or x = -1. If a = -1, then the given 
" equations are identical and have (two complex but) no real 
solutions; X = — 1 is a common solution to the given equa- 
tions if and onlj^ if a i= 2. Therefore, 2 is the oiily value of a 
for which the ^ven equations have a common real solution. 

22:?%(C) Choosing a =.6 = 0 yields . ^ 

' 2/(«):==4/(o), • 

/(0) = 0. . ' 
Choosing a = 0 and 6 = x yields 

/(x)+/(-x) = 2/(0) + 2/(x), 
7(-x)=/(x). 

Note: It can be showii that a continuous function / satisfies the 
given functional equation if and only if /(x)= cx^, where c 
is some constant. ' 
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^tr-<^-and-ft-be-the-S0^utions-ofH)c^^ 

■•■Since' ■ ■ . . ■ 

{d + bf ^ 3a^b + 3ab^ +J)^ = + fo^ + 3a6(a + 6), 

we obtain 

-l„3 + 3n(-m) or = - 3mn. 



24. (D) We use the identity ^ - = 
given sum in the form ' 



to write the 



.]_ 
2 



13^ 3 5 255 



'1 

257 



OR 



which telescopes to 

if 1 LI = 1 256 ^ j28 

21 257 J 2 257 257 

Use the identity 

■-^'■■■■_X- 

to group successive pairs of terms in the sum. TThus letting 
k = 2, write ; ■ ■ X. ■ , ; ' . 

. •^3-1 3-5 ^ 7-5 ^ 7-9 ^ 



then let = 4 and write - ~- 



1 



9-17 
1 : '128 



This process will lead to 2 ^ ^57 257 

25 (E) Let 2*3'5'" • • • be the factorization of 1005! into powers of 
distinct primes; then « is the miiiimum Of A; and m 
201 of the integers between 5 and 1005 are divisible by 5; 
forty of these 201 integers are divisible by 5^; eight of these 
forty integers are divisible by 5'; and one bf these eight 
^integers is divisible by 5^. Since 502 o^ the numbers between 
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?. and 1 00 5 are even, At > 5n7.-, so- 



:,rr/\'\-']\:yy;-^^:M^^^^^ 201 + 40 +,8 + 1 = 250. i. 

26. (B) If MNPQ is convex, as' in Figure 1, then ^4 is the suiii of 
* areas of the triangles into which MNPQ is divided by diago- 
nal MP, sptlwt ; 

•>1^= ifl^sin iV + ^ce/sin g. ' 



Siniilarlyl jdividin^^ MiVPg 

We shovy below that these two equations for A hold also if 
jVfiVPg is not convex. Therefo 

■7: '''-y': A^ i(ab + cd + flt/ + be) = • v 
The inequaiity/is an equality i£ and only if r: \ 
i sin M = sin iV = sin ? = sin (2= 1, 
i.e. if and only if A/iVPg is a rectangle. 





If MNPQ is not convex, for exaxnplei if interior angle^ g' 
of quadrilateral JV/iVPg is greater than 180 ^ as shown in 
Figure 2j then ^4 is the difference . - , 

- area of aJV/NP- area of Aii/g^ ^ .y 

sothat/.," ...... 

. . ■ ■ 7 ■ ■1 . ' . \ ■ . ■■ ' ' • ■ 

I A r=-i^absinN - -^cdsiiijCPQM 

■: : I ^ . ■ ■ . \ . ■ 

= ~ai>sin N - ^«/sin(360^^ 



i 



—fli^sinW ■k'^cdsyri^.MQP. 



^To distinguish interior angle g of quadrilateral from interior angle g of 

aPMQ in Figure 2, we label the angles in the counter-clockwise direction: 4: A/gP is. 
the angle through wfiich line segment A/g must be rotated counter-clockwise about 
point g to coincide with the line through P and g. Note that 

;/ ^A/gP + ^PgA/ - 360V X27 " 
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> 27 (C) in the corner of a room two waUs meet in a vertical line, and 
each wall meets the floor in a horizontal line. Consider these 
- three mutually orthogonal rays as the positive axps of an : 
. X, ^'/^"Coordinate syste^ 

all three coordinate planes, has an equation of the form' 

If the point (5, 5, 10) Ues on such a sphere, then - 

(5 fl)' + (5 - flf + a)' = a^ : « \ r 

/ . 2a2 -^ 40a-+ 150^ 0,; 

. / fl^ - 20a + 75 = 0, .. • 

^ The two solutions of this quadratic equation give the. radii of 

spheres satisfying the given conditions. The sum of the solu- 
tions (the negative of the coefficient of a) is 20, so the sum of 
the diameters of the spheres is 40. (Since the last equation is 
equivalent' to (a - 15)(a - 5) = 0 we see that the spheres ' 
have radii 15 and 5.) ^ ■ . 

28. (A) We shall use the identity ■ 

{x '^ l){x"^ X"-' + • + JC + a) = x"^' - 1. 

Thus, for example, (x - l)g(x) ^ - 1. By definition of 
the function g, we have . v -^ /^^^^^^^^ 

J t g(x>^) = (x>2)' + {x^'f + {x'^f + x'' +1 ' 

= (x^y^ + (x^)' ^{x'f + (x^)' + (x^)^ + 
Subtracting f from each term on the right^ields the equation 

Each expression on the right is divisible by x^ - 1. We may 
therefore write • * 

: g(i'2)-6 = (x«-i)/'(x), 

where /"(x) is a polynomial yn x^. Expressing - 1 in 
terms of g(x), we arrive-at . 

g(x'2) = {x - l)g(x)/'(x) + 6. 

' ^ When this is divided by 'gCx), the remainder is 6, 

'•■'.--■„ OR . ■-• 

Write g(x'2) = g(x)e(x) + i?(x), where e(^) js a pdly- 
nomial and is the remainder we are seeking. Since the 
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degree of the remainder is less than that of the divisor/^e 
know that the degree of is at most 4. 

Since g(jc)(jc - 1) = jc^ - 1, the five zeros of g(jc) are 
- 1 and the other four (complex) sixth roots of unity; so if a 
is a zero of g(jc), then =1. Therefore 

On the other hand, - ^ ■ . . 

and this holds for five distinct values of a. But the poly- 
nomial - 6 of degree less than 5 can vanish at 5 places 
only if Rix) - 6 = 0 ■ for all x, i.e. if R(x) = 6 for all x. * 



29. (B) Lei a ^x^y b= y^ and c^= Noting that (ii - 6)^ > 0 
implies a} •¥ >2aby we see that 

Therefore w < 3. Choosing d = 6 = c > 0 shows w is not 
less than three. 



30. (A) In the adjoining figure, sides 

and TS of the regular rionagon 
have been extendea to meet at /? 
and tliie circumscribed cjrcle^ has 
been drawn. Each sid6^ of * the 
nonagon subtends an arc " of 
360 V9 = 40°; therefore 

jCTPQ =- jCSTP 

-^;3'40°-=60^ 




Since QS\\PT, it follows that both aPRT and aQRS are 
equilateral. Hence 



c/ - P7 = PR-- PQ-^ QR-- PQ^ QS-a'¥ 6. 

' • I. ■ _ • ■ ■ ■ .■ ' 

-'^^ 
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OR . 

Inscribe the nonagon in a circle of radius r. Since the chords 
of lengths a, i/rf subtend central angles- of 40°, 80°, 160° 
respectively, we have 

a = frsin20°, b = 2rsin40°, d « 2rsin80°, 
By means of the identity v \ 

■ ■ . ■ . . ^ . X -h y ' X - y . . • 
sin jc 4 sin = 2 sin 2 "^^^ 2 ' 

with " ' ■. , ■ , " . 

"we obtain sin 40° + siii 20° = 2 sin 30° ctos 10°/ Since 
sin 30° = i this yields : . 

sin40° 4- sin20°* = cosI0° = sin80°, 
. and therefore 6 + a>= rf. 



= 4 
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2. (G) Let r be the radius pf the circle. Then its diameteir, cir- 
cumference, and area are 2r, lirr and Trr^, respectively. The 

given information reads 2r. Therefore 4 = Airr'^, 



and the area is irr^ == 1 



3. (D) [jc - ^) ( + ^ ) = - + >') = ^ - 



4. (B) (a + 6 + c- J) + (a + 6-f + </) + (a-6 + c + </) 

■ +(-a + 6 + c + J) = 2(a + 6 + c + d') = 2222. 

5. (C) Let w, X, y and z be the amounts paid by the first, second, 

third and fourth boy, respectively. Then since 

v/+x+y + z = 6Q, . 
' ; H'=^(x + >'tz)=^(60-H'), ^ = 20; 

x = -j(H' + >'H-z) = |(60-x), x = 15; 
Any of these equations now. yields z —13. 



6. (E) If >' v=/= 0, the second equation impUes x and the first 
equation, then implies J* = ±i. If = 0, the first equation 
implies x = 0 or 1. Thus we have the iour distinct solution 
pairs (i, i),(i, Ti), (0?0>, (1, 0). ; . T 
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?• (E) In the acconjipaAying figur 
vertices i4 1 and of the hexa- 
gon lie on parallel sides twelve 
inches apart, arid Af is the ; mid 
^ point of i4|i43. Thus aAxA2^ 
^ is a 30°-60°-90° triangle, and 



A 2 .2 



6 



2_ 
V3 ' 



SO A\A^ 




8, (D) In the first sequence, it takes three equal steps to get froni 
to y\ in the second, it takes 4. Hence the ratio of these step 
sizes is [ . . ^ ' • « , ' 

^2 ^1 _ jy - x)/3 _ A 



9. (B) 



= I - 1 + 2x\ = 1 - 2x 



10. (B) For each point i4 other than P, the point of intersection of 
- circle C with the ray be^ning at P and passing through i4 
is the point on circle C closest to ^4. Therefore the ray be- 
ginningat P and passing through B is thesetof allpomts i4 
such that J3 is the point on circle C which is closest to 
point >4. ', 



11. (C) If the line with equation x + r is tangent to the curcle 
with equation + r, then the distance between* the 

point of tangency |^,^j and the origin is ^^^V^ 
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12. (E) Lei X jCBAC « XBCA; y --^CBD^-- 4:C£>5 and z « 
XDCE^ 4DEC. Applying the theorem on exterior angles to 
aABC and aACD and the theorem on the sum of the inter- 
. nor angles of a triangle to^ A i4Z)£ yields , # 

z X y — 3x, 
X + ^ADE -h z = 180°, 
140° + 4x = 180°, , 



x= 10°. D 




A C E 



13. (B) Since the constant term of a monic^ quadratic equation is the 
product of its roots, 

b ^ cdj d = ah, ' : 

Since the coefficient of x in a monic quadratic equation is 
the negative of the sum of its roots, 

thus a + c -I' = 0 = a -f b + c, and b = d. But the 
equations b == cd and d = a6 imply, since b — d 0, 
that 1 = a = c. Therefore, 6 - = -2, and 

a + 6 + c + d^ -2. 



14. (C) Since 71^ - a/1 + 6 = 0, and a = (18)„ 1 • n + 8, we have 
6 = an - n^ ^ (n + 8)n - = 8/i = (80)„. 

. OR 

The sum of the roots of x^ — ax + 6 ~ 0 is a = (18)„. Since 
one root is n = (10)„, the other is (18)„ - (10)„ = (8)„ = 8. 
Hence the product b of the roots is (8)„ • (10)„ = (80)„. 



moi^c polynomial is one in which the coefficient of the highest power of the variable » 



•I 33 
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15. (A) If sin X + cos X « J, then cos x « - sm x and 



cos 

so 



^x' « 1 - sin^x =» sin X j ; 



25 sin^x - 5 sin X - 12 « 0. 



,The solutions of/255^ - 5^ - 12 = 0 are j « 4/5 tod J « 
-3/5. Since 0 < x < tt, sin x > 0, so sin x « 4/5 and 
cosx =• (1/5) - sinx « -3/5. Hence tanx = -4/3. 

16. (E) Label the people ^p42.---V^A/ in such a way that v4| and 

A2 are a pair that did not shake hands with each other. 
Possibly every other pair of people shook hands, so that only 
vli and did not shake with everyone else. Therefore, at 
most N - 2 people shook hands with everyone else. 

17. (D) Applying the given relation with x = 3/;^ yields 



7 



9 + /V 



f 



p/y 
i 



2 



18. (C) We seek the! smallest integer n such that yfn - in - 1 

< Since, for positive a, a < c if and only if - > 
we must find the smallest integer such that 

— ^ v/;r + ^^^^ > loo. 

yfn - v^w - 1 

Since >^560 + >^499 < 100 and v^SOT + v^500 > lOO, 
the-least such integer is 2501. 

;• - r ' ' .•. ' - 

19. (C) Since 50/> + 50(3/>) - 1, = .005. Since there are seven per- 

fect squares not exceeding 50 and three greater than 50 but 
not exceeding 100, the probability of choosing a perfect 
square is 7P + 3(3;?) - .08. , 

134 : c^: . ■ 



^^^^ ■ s 

20. (A) Observe that the given relations imply 
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a ■\- b - c . ' a - b c '-' --a •\- b •\- c 

+ 2 « . , , ^ + 2 « — — + 2/ 



that is, 



' b 

-^Mr- «, j« , 

I c b a 



These equalities are satisfied if a + 6 + c = 0, in which case 
X = 1. If a -I- 6 + c y» 0, then dividing each member of 
the second set of equalities by a + i + c and taking the 
reciprocals of the results yields « c. In th{it case jc » 8.. 



21. (A) Sii)ce logftfl = 



1 



(see footnote on p. 82), \ye see that 



+ + log;c3 + log;,4 + log^5 

hg^x log^x logjx 



log^eo = 



1 



22. (D) Since each pair of statements on the card is contradictory, at 

most one of them is true. The assumption that hone of the; 
statements is true implies the fourth statement is true. Hence, 
there must be exactly one true statement on the card. In fact, 
it is easy to verify that the third statement is true. ^ 

23. (C) JL6t FG be an altitude of aAFB, and let jc denote the length 

of "i4G. Fropi the adjoining figure it may be seen that 



\/l -yl5 = x(l + v^), 

1 =x^(l + v^). 







V 






■* \ \ 











<s/3 B 



The area oIaABFis • - 

i{AB){FG) = + v/3 )v/3' - iv^. 
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24. (A) Lef a « xiy - z) and observe that the identity 
implies 

a + + nr^ « 0; 



25. (D) The boundary of the set /f points satisfying the conditiofis is 
shown in the adjoining figure. 



y^X'^a 



x + ^ = a 

a/2-- — 



(0,0) 



y = 2a 



/ y^x-a 



I =fl/2 



fl/2 fl 2a 



26. tB) In the first figure, K is any circle tangent to AB and passing 
through C. Let T be the point of tangency and NT the di- 
ameter through point T. Let Cff be the altitude of hABC 
from C. Then NT >CT > CH with NT = CH if and only 
if N = C, and 7 = i/. There is such a circle with diameter 
CH, so it is the tunique) circle P of the problem, shown in 
the second figure. By the converse of the Pythagorean theo- 
rem, 4RCQ = 90°r; thus gT? is also a diameter of P. Since 
CH 8 



aCBH ~ aABC, 



= so (2^ = Ci/ = 4;8. 
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27. (C) A positive integer has a remainder of 1 when divided by any 
of the integers from 2 through 1 1 if and only if the integer is 
of the form rrit H- 1, where r is^ a nonnegative integer and 
. „ m = P • 3^ • 5 v7 • .lh== 27,7203 the least common multi- 
ple of 2, 3, . 1 1 1. Therefore, consecutive integej^with the" 
/ desired iproperty differ by 27,720.^ 

.28. (E) Triangle A^A-^A^ has vertex 
angles 60°, 30°, 90°, respectively. 
Since jCA^A2A2 = 60°, and 
: A2A4 3ind A2A^ hsive the same' 
. length, A A2-/i4-<45 is equilateral. 

Therefore, A-<43i44^5 has vertex 
. ■ angles 30°, 30°, 120°, respective- 
ly. Then A .44^5^1^ has vertex 
angles 30°, 60°, 90°, respectively. 
Finally, since -^^4^45^4^ = 60° 
and -^45^45 and ^45^47 have the same length, Ai45Ag^7 is 
again equilateral. The next cycle yields four trian^^es, each 
similar to the corresponding triangle in the previous cycle. 
Therefdre aA„A„+\A„^2 ^ ^A„:^,^A„^^A„^^ mih A„ and 
i4„^4 as corresponding vertices. Thus 




jCA^A^^A^2; — ^A^A^A^ ~ 120° 



29. (D). Since the length of base AA' of a ^'5, is the same as the 
length of base -<4D of aABD, and the corresponding altitude 
of A AA' B' has twice the length of the correspdnding altitude 
of aABD, 

areaA^^'5' = 2'areaA:4i)5, 



see figure on next page. {Alternatively, we codld let 0 be the 
measure of and observe v 



1 



areaAy4^'5' = — (yi2))(2^5)sin(180° - 0) 



iJarly 



= 2 



]^{AD){AB)€\n0 =laxtaAABD) 



areaA55'C' = 2areaA5y4C, 
areaACC'D' = 2areaAC5Z), 
areaAZ)Z)'y4' = 2areaAZ)C4. 
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Therefore 

area i4'S'C'D' * 
: = (areaA>lv4'B:+ areaABB'C') 

V (area aCC/?' + area a£>Z)'>1') 

^' ^axcaABCD 



- 2(areaA>lfiZ) + areaAiUC) 
+ 2(area A CBD + ar^ c^BCA ) 
+ areai4flCZ), ^ 

= 5areai4BCZ).= 50: ' . 




30. (E) Let 7m, 5m be the total number of matches won by woihen 
and, men, respectively. No>y there are 

' . «(^LlJl matches between women, hence won by women. 

■ ■". ■ 2 ■ 

There are ' • 

>2n(2n- 1) = „(2« - 1) matches between men, hence 

■ 2 ; . : ■ • ' . • ■ : ■ " . .^'^ 

won by men. Finally, there are 
2n' n = 2/2^ mixed matches, of which ^ 

]^:=^^fYi^ V2 are won; by women, and 

«2n2 - ^ = 5m - «(2n - 1) by men. v . . 

We note for later use that /:< Then 

hn{n-\)^k . _ 1 n(n'\) + 2k ^ 
Stn n{ln -- 1) + 2n^ - /: . 2 , - /i ^ 

5/i(n - 1) + IDA; = 14(4n^-/2 - /:), 
^ 51n2--9n-24A:-3(17n^-3n-8/:) = 0, 

17n2-3n = 8A:, 

17w ^ - 3w _ . 
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Since Jk < 2w^, it^ follows thai ITn^ VSw 167i^,>so 
n(n - 3) < 0,'« ^ 3. Since k is an integer, \« ^ 1 or 2; 
hence w = 3. y 

■ OR ■ ■ ■ ' / . •'. ■ ■, 

The totd nunj^er of games played was _ , . ' . ^ 

' " |3/j:J ^ 3^1(3/1- 1) 4» 

Suppose that 7m games were won by women, and 5m games, 
were won by men. Then l 

7m + 5m =' 12m == 3y?(3^- 1) 3«(3« - 1) = 24w. 

Since w is an integer, 3n(3« - 1) is a multiple of, 24. But 
this is not true for « = 2,4,6, 7. (It is true for « = 3.) 
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1979 Solutions 

1. (D) Rectahgle^£FG has area 18, one quarter of the area of 
• rectangle ABCD: 

^ ^ X y xy ■ xy xy 

3. (C) Since 4:Z)>1£: =-90° + 60° = 150° and = >15 = 

4. (E) x[jc{jc(2 - x) 4^4) + 10] + 1 ; 

= x[i2x - - 4} + 10] + 1 = x[2x^- - 4x +10] + 1 . 
=--jc^'+2jc^-4jc^+ 10jc+ 1. 



5, (D) fh^ units and hundrjeds; digits of the desired number must 

clearly be equairXhe iairgest such even three digit number is 
898. The sum of its di^ts is 25. 

6. (A) Add and subtract directly or note that 



64 



2 4.^ 



64 . 64 



7. (E) Let X = M > 0. Then 

■ . (m +1)^ ^ n^ + 2n -f l = x + '2y/^ + h 



8. (C) The area of the smallest 
region bounded hy y = 
IjcI and + y^ = 4 is 
shown in the adjoining 
" figure. Its area is 

: : i)[,r2^) = *. 
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9. (E)^fe = (2^)>/3(23)'/^ = 22/32V4 ^ 2'Vi2 = 2>^+<^ " 

10" (D) Let C be the center of P3 Ga ^2 

the hexagon; then the 

area of 61626364 is 
the sum of the areas 
of the three equilateral 
triangles A 6 iQjC'^ ^ 

each of whose sides 
have length 2. The area 
of an equilateral trian- ; 
gle of side 5 is ^5^/3 . 

Therefore, . 7^ 
. area 2,222364 == 3-f- = 3^3 . . 



11. (B) Summing the arithmetic progressions yields 

115 1 + 3 + : • • + (2w - 1) 

116 2 + 4+ ••• + 2m 

"* 7l(>2 + I) " 71+ 1 ' \ 

hence n = 115. 




12. (B) Draw line segment BO, and let x and denote the mea- 
sures of jCEOD and jCBAO, respectively. Observe that AB 
= = OE OB, and apply the theorem on exterior an- 
gles of triangles to A ABO and A i4£0 to obtain^ 

4.EBO = 2CBEO = ly 

and 

x= 3y,' ' 

Thus 

: 45° = 3>^, 

. : : 15° =>^. ■ 

' • . ■ A 

C ■ O 
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■ OR ; • . 

Since the measure of an angle formed by two secants is half 
' the difference of the intercepted arcs, , 'y', 

13^ (A) Consider two cases: 

Case 1: If x > 0 then - x < Vx^ if and only ^ if 
y-x<x, or equivalently, y < 2x. 

Case 2? If X < 0 Aen J' - X <Vx^ if and only if 
y - x< -X, or equivalently, y < 0. 

The' pairs (x, y) 



y-2x 




satisfying the cbndi- 
tionis described in 
either Case 1 or Case 
2 are exactly the pairs 
(x, y) such that y < 
0 or y < 2x (see ad- 
joining diagram for 
geometric , interpreta- 
tion). 

■ ■ . ■ ' '>-■,.■ ■■ < ■ ' " ■ ' ' ' 

Note 1 : Since y/x^ = jjcl, the given mequaUty can be written ' 

, , , tlx forx>0 
>'<^ + W=\0 forx<0 

and the graph of X + W is t|ie boundary of the shaded 
region in the figure. • , 

" Note 2: ITie given mequality holds if x = I, y = 0, and also if 
=_y = -1. This eliminates all choices except (A). / 

14. (C) Let a„ denote the wth nwnber in tihe sequence; then 



l"2 



n 



<2l^2 (W - 1) 

for w > 2. Thus, the first five numbers m the sequence are^ 
Q 1/: 95 • ' . . 9 25 61 
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15. (E) if each jar contains a total of x liters of solution, then one 

jar contains \ liters of alcohol and ^ , liters of 

/? + 1 - • V p + 1 

water, and the other jar contains . , Uters of alcohol and 

. ■ 1 •■ •- ; 

liters of water. The ratio of the volume of alcohol to 



9+1 

the volume of water in the mixture is then 



+ l) + g(;7 + .1) 



1 ^ 1 \_ 1(9 + 1) + + 1) 



/? + 9 + 2 



_ ' /7 4- 9 + Ipq 



16. (E) Since ^i, -^i -^2 are in arithmetic progression, ' 
A2 - = +^2) "^2! . 2i4i =i42. 
If r is the radius of the smaller circle, then ' 

... . .- ■ - . ' . ; u 



17. (C) Since the length of any side of a triangle is less than the sum 
I ■■ of the lengths of the other sides, 

X <y X ^ z y — z — which implies x < "^r 

* z 

y — x<X'\rz^y^ which implies >'< X + 2" » 

^.Z'-y<x^'y--Xy which implies ^ J' > "I" . 

Therefore, only statements I and II arb true. 



B C 
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18/ (C) Since log^a = j^-^ "(see footnote on p. 82), 

^^' ^^ \og,^^ " .69^ 7 ; . ' . 

(The value of log,o 3 was not used.) 

19. (A) Since 256^^ ==f (2^)^^ = 2^^^, th^ given equation is equivalent 

A « • / y \256 

^ AAiong the 256 256th roots of 1, only 1 and -1 are real. 
Thus X = 2 or x=--2 and 2^ + (-2)2 = 8. 

20. (C) Let X = Arctan a and = Arctan 6: ' p 
' (a+>)(fe + 1) = 2, / 

(tanx+:l)(tan>'+ 1) = 2, 

' . tan X + tan>' =1 - tanxtanj^, 

^ . ; ; tapx + tah Vy _ ^ y 

■ " - . . . l- tanxtan j' * . ; " ^ 

The left hand side is tan(x + x). so 

tan(x + y) = 1, x +y = J = Arctan a + Arctanfe. 

■ OR ; ' ' • - : - 'i . ■ ' ■ : 

Substituting a = i in the equation (a + l)(i> + 1) = 2. and; 
solying,for 6, we obtain 6 = i. Then 

. mix + Any _ ■ flJlA - iii- = 1 
tan(x + >-) = J _ tanxtan>^ " ' 1 - i . 

.,so x-^y- ■ : r 

Note: X + V cannot be (7r/4) -f wtt for a non-zero integer n: be- J: 
^ cause 0 < Xyy < ; ■ .."'.i. 

21. (B) In the acijoiniiig figure, O is the center of Ae circle and > 4; 
are the lengths of the legs of the triangle^ So^ v 
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The area^of a ABC is the sum of the areas of triangles A OB, 
BOC and A OC, whose altitudes have length r. Thus . 

area aABC^ -{xr-^yr + hr) = -(x -^ y ^ h) 



Thus the desired ratio is 



^ iVore: Alternatively, the area ol a ABC is 



22. (A) The left member of the given equation can be factored into 
m(m + l)(m + 5) and rewritten in the form 

/)a(m+.l-)(m + 2 + 3) = ;wC^^ 

• For all integers m the first- term, is the product of three 
consecutive integers, hence divisible by 3, and the second 
term is obviously divisible by 3. So for all integers m, ^the left 
side is divisible by 3. ° ■ 

' ^ ^' The right side, 3[9n^ + 3/2^ + 3n] + 1 has remainder 1 
when divided by 3. Therefore there are no mteger solutions pf 
the given equation. ' 
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23. (C) Let M and iST be the 
midpoints of >1 5 and 
CDy respectively. We 
; claim that M and N 
are the unique 
choices for P and Q 
which minTmize the 
distance PQ. To 
show this we consider 
the set S of all points 
equidistant from 
and B. S is the plane peiTRiendicular to AB through Af. 
Since *C and D are equidistant from A and they lie in 
Sy and so does the line throum C and Z). Now Af is the 
foot of the perpendicular to ^5 from any point Q on CD, 
\ Therefore, if P is any point on i^jS, 




MQ < PQ unless P = M. 

Similarly, the plane through N perpendicular to CD con-^? 
tains ^B. In particidar, AW J- C7)^ 

M MN < MQ unless Q = N. , 

- By transitivity, MN < PQ unless P ^ M and Q = AT. This 
proves the claim. : ' 

length of AfAT, we note that A/AT is 
,*?^|tjhSe^^ sides of lengths V3/2; 

2-1. The Pythagorean theorem now yields 



^ MN^^|{MCf-iNCt^^| 



V 
4 



= — = minimal distance PQ, 



24. (E) Let E be the inters^tidn AB and CZ), and let P 

and l9 be the measures of jCEBC and ^^iSCJB, respectively; 
see figure^SinceV ;! ; i 

, cosiS == -cosB = sm 

j8 + ^ = 90°, so jCBEC is a right angle, and I 

fiiE: = BCsine = 3; GEWBCsiniS = 4. 

Therefore, AE = 7, DE =^ 24 a nd w hich is the hypotj- 
enuse of right trianigle v^Z)£, is V?^ + 242 = 25. 



1 J j;? 
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20 D 

25. (B) Let a — — \. Applying the remainder theorem yields r| = 
a', and solving the equality jc' = (jc — a)(?,(jc) + r| for 
, ;qi(x) yields v 



=? x' + ax^ + 



+ a' 



[or, by factoring a difference of squares three times, 

:■ ■ q,ix)^{x\+a'){x^ + a'){x + a)]. J 

Applying the remainder theorem to determine the remainder 
when is divided by jc — a yields 



26. 



Note: For solvers familiar ^^^^^P^S|us, there is another 
way to find 9i(fl).*W(e^^^^^^ the identity jc^ = 
(x — a)9i(x) -f r, with'respecf i6 jc, obtaining ' 

.8^^ = 9,(x)-h(x-a)9;(x). 
, Setting JC = 0 yields 8a'' = 9i(a). 

(B) Substitute jc, = 1 into the functional equation and solve for 
the first ternl on the right side to obtain 

/(>'+.l) 2. 

Since /(I) J 1, one sees by successively substituting = 
2,3,4,.. . that /C;') > 0 for every positive integer. There- 
fore, for y a positive integer^ f (y I) > y + 2 > y 1, 
and f(n) = n has no solutions, for integers /i > 1. Solving 
the above -equation for /( >) yields 

Successively; substituting y = 0, - 1, -2,.. . into this equa- 
tion yields./(0) - -l, ;/(-!)= ~2, /(-2)=. -2, 
/(-3) = "1, /("4) = 1. N ow /(-4) > 0 and, for y <-4, 
4- 2) > 0. Thus, for > 0. TTierefore, 
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/(n)^ 71 for h < -4; and the solutions w == ^'\"^ 
only ones. ' 

::\ OR 

We write the functional equation in the form 

. f{x+y)-f{y)^f{x) + xy+\: \, V 
Setting X = 1 and using the given value /(I) = 1, we find 

We now set ;^ = 0, 1, 2, . ; . n successively, then y = 
0, - 1, . - TM successively, and obtain \ 

, /(l)-/(0) = 2(so/(0)- -1) "/(0)-/(-l)'"* 1\ 

'/(2)-/0)^3 ./(-l)-/(-2)-o\ ^ 

1 /(-(ni - 1)) -/(-m) = -(/w - 2), 

- . Adding the set of equations in the left column and cancelling 
like terms with opposite signs yields ] 

/(") - /(o) = 2 + 3 + • • • +71 + 1 = - 1 -+ Ly. 

■ ; ■ * .... : '-I'l i ■ 

Recalling that the sum of the first k positive integers is 
^k{k + 1) and usjng the value /(O) = - 1, we obtain 

f{n) + 1 = 2 

; (1) - /(«) = + 3« - 2) : j . : 

, for each non-negative integer n/ . . , : - / ' 
The same procedure applied to the column of equations on 
the right 'above shows that equation (1) is valid also for 
negative integers; thus (1) holds for aU integers.^ 
^The equation /(n) = « is equivalent to , - 

+ 3n - 2 =.2n, / ^ • v 

n^ + n-2- (/f H^:2)(n- l>r 

so there is only one integer solution other thaii n = 1. 

iVore 1 : The computations involving the equations in the right 
column above can be/:}:javoided by setting = - x in the 
original equation to obtain 

/(x)+/(-xj=/(0) + x2-l, 
or since /(O) = -1, - 

(2) f{x) = -ri--x)+x^-2.,^^ 



for all X Let x be negative anid substitute (1) in (2) to get 
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fix) = - i[( + 3{-x) -2] + - 2 = Kx' + 3x-2). 

Thus negative integers aS well as positive satisfy (1). In fact, it 
is easy to check that the function 



X 



+ 3x-2 



satisfies the given functional equation for all redl x and y. 

Note 2: The technique used in the second solution is frequently 
* . applied to solve many commonly occurring functional equa- 
tions involving the expression a/(x) = f{x + 1) - f{x); 
Af{x) is called the "first difference" of f{x) and behaves, 
in many ways, like the first derivative /'(x) of /(x). For 
example ' \ ' 

' x^ ■ ■ 
. /'(x) = x + 2 implies /(x) = + 2x + c; 

x(x - 1) ' 

Af(x) = x + 2 implies /(x) = + 2x 4- c, 

where c is a constant, the study of functions by means of 
a/(x) is called the theory of finite differences.^ ^ 

- "■ • ■ . t 

27. (E) These six statements are equivalent for integers 6, c with 
absolute value at most 5: ^ ^ - 

(1) the equation x^ + 6x + c = 0 has positive roots; 

(2) the equation x^ + bx + c^ O has real roots, the smaller 
. o f which i s positive; . 'f • . . ^ 

(1) ylb^ - 4c is real and -b4 }/b^ -^c > 0; 

(4) 0 < 4c < and .6 <,0; 

(5) 0 < c < and 6 < 0; 1 - 

^ (6) 6 = ~2 and c = 1; or 6 =—3 and c = 1 or .2; or ^ 
V . br= -4 and c = 1, 2, 3 or 4; or ^> = -5 and c == 1, 2, 
^3, 4 or 5. : " * 

The roots corresponding to the pairs (6, c) described m (6) 
will be distinct unless 6^ = 4c. Thus, deleting (6, c) = 
(-2, 1) and (-4,4) from the list in (6) yiplds the ten pairs 
resulting in distinct positive roots. . 

' :.\ , 10 Ml. 

The desired probabihty is then 1 - — ^ - -t^t* % 

tSome references to this theory or to the theory of more general functional equations 
are: Finite Differences by S. Goldberg; "Functional Equations in Secondary Mathc- 
latics". by S. B. Maurer, an article in The Mathematics Teacher, April 1974. 
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28, (D) Denote by A[ the analogous intersection point of the circles 
with centers at B and C, so tiia|t, by symnletry,\4'5'C' and 
are both equilateral triangles. Again, by symmetry, 
A ABC and A ^'5^' have a common centroid; call it K, Let 

• A/ be the midpoint of the line segment B C. From the trian- 
gle A^BC we see thatj^ the length >4'A/ = \/r^—T. Since cor-, 
responding lengths in» similar triangles are proportional, 

• BC AK\ ■ 
Since equilateral a ABC has sides of length 2 'we find that 
5'C' = 2--^ and also that altitude has length->^. 

4 Consequently ' ' 



V .'^ I. ( 



and 



Thus 



A'K = A'M-{' MK= v^r^ - l/+(>/3/3). ' 



2(^/3) 



5' 



5 



A 
















\v 
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29. (E) By, pbserving that 



n2 1 



J_ I := X* + 2 + -7. one sefes 



Since 



/• 1 \^ • "1 \ ' ■ / ■ "1 ^ 

^0 < Vx - -7=- =jc + - ^2, wehave 2 + 



75^ 



and /(a:) == + -^j his a miriimum/r^ue of 6, 



which 



\ 30; 



^ taken on at .x =1 
V--'- ^ / • ■ ' .•" ■ : / ■ ■ •'. ■ 
(B)/'Let F be the point on the 
extension" of side past 
B for which i4F = l. Since 
AF ^ AC and jCFAC 
60°, tiACF is equilateral. 
' Let G be the point on line 
> segment BF for which 
4:^dG = 20^ Th^n A^CG y 
is similar, to a D.G£ and 
' BCr 2(£:G). Also AFtC 
IS congruent to a:^4^C. a 
^ Therefore, 




area A>1C/^ (area a>1BC + area AGGi^) + area aBGG, 
^ = 2 area aLbG 4- 4^^^^^ 

..8. J. 
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■ .• ■ ■■ • • ■ , . ■ - ■ . ■ ■ • . 

1980 Solutions 

1. (C) Since = 14 + the number is 14. ' ' 

|;^2. (D) Hie highest powers of x in the factors (x^ + 1)^ and 
' {x^ + 1)^ are S^and 9, respectively; Hence the highest 

power of X in the product is 8 + 9 = 17. 



Ax = 5;;, ■ 



4. (C) The measures of angles 4.ADC, 4.CDE and k-EDG are 90°, 
60° and 90°, respectively. Hence the measure of 4GDA is 



360° - (90° + 60° + 90°) = 120' 



5. (B) Triangle PQC is a 30°-6d°-90'*' right triangle. Since 

AQ = CQ 



AQ CQ ^ 3 • 



6. (A) Since X is positive the following are equivalent: 

<2x, X < 4x^, 1 < 4x, :^ < X, JC>^. 



7 (B) By the Pythagorean theorem, diagon^MC has length 5. 
^ Since 52 + 12*"^= 13?, AZ).4C i^a right Wangle by the con- 
verse of the Pythagorean theorem. ,The area of ABCD is 



(j)(3)(4)+(j)(5)(12) = 36. 
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8. (A) The given equation impUes each of these equati^^ 

f - ' V : ' ■ g b 1 , 

+ fl6> 6^ = 0. 

Since the last equa tion is satisfied by the pairs (a, b) such 
that a = ^[ - 6 ± V 36^ ], and since the ohly real pair among 
these is (0, 0), there are no pairs of real numbers satisfying 
the original equation. 

9. (E) As shown in the adjoining figure, there are two possible 

starting points; therefore/ X is not uniquely detenm^ 

Possible starting points. 

10. (D) Since the teeth are all the same size, equally spaced and are 

meshed, they all move with the same absolute speed r (v is 
the distance a point on the circumference moves per unit of 
time). Let a, /3,y be the angular speeds of ^, 5, C, respec- 
tively/ If 'tiT 6/ c represent the lengths of the circuniferenc 
/ Ay B, C, respectively, then 

therefore, aa = pb = yc or, equivalently, 
Thus the angular speeds are in the proportion 

■■' . , \ ' - a ' b ' c I ■ ■ . : ■ 

Since a,6, c, are proportional to x, j', z, respectively, the 
angular speeds are in the proportion - v 

v; JVIultiplying^e the proportion 
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^ 11. (D) The formula for the sum 5^ of « terms of an arithmetic 
progression, whose first term is a and' whose common dif- 
. ' ference is < is 25;, =7?(2a + (w— 1)(/). Therefpre, 

* 200 « 10(2a + 9rf), 

• ■ • . 20 « 100(2a + 59i/),. 

2S„o= I10(2a+ lO^rf). . ' 

Subtracting the first equation from the second and dividing 
by 90 yields. 2fl + 109rf = -2. Hence 25||o = H0(-2),;so 



12. (C) In the adjoining figure, L, 
and intersect the line 
X = \ at B iand v4, respec- 
tively; C is the intersection 

\ of the line x =1 with the 
;c-axis. Since OC = 1, AC 
is tl^e slope' of L2 and BC 
is tl^e slope of L,. There- 

^- : fore, AC = BC — m. 



and ^J? = 3/1. Since 0^4 
is";ifiS%glebised^^ 



■■;:^r;^:\;^ OB 
This yields 



AC 
AB ' 



-I- = ^ and OB^y. 
OB 3/1 













B 












"a 


0 




c 






x = 1 


.. 







1 + (Anf^^y "s^^ — 



By the Pythagorean theorem 
Since w = 4/1, m/i = 4/1^ = 2. ^ 

Let fi, and b^ the angles of inclination of lines X, and 
L2, respectively. Then rri = tan^, and n = tan ^2- Since ^, 
= 2^2 m = 4/1, • 

■ - 2 tan ^2 2/1 

4/1 == /w = tan ^, = tan 2^2 = 



1 - tan^^o 



1-/1^ 



Thus 



4/1 = 



2/1 



1-/1^ 



and 4/i(l - /i^) - 2/i. 



Since /I 0, 2/i^ = 1, and /«/i, which equals 4/i^, is 2. 
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; , ■ ■ .-. ' ■ ■ . .. ■.: •, ■ . - ■ • ■'. . ■" ' • ■ ■•■ ' ■ ■■•;.,c 
13. (]^ If the bug travels indefinitely, the algebraic sum of the 
. horizontal components of its moves approaches |, the limit 
of the geometric series - ' 

: . 4f .16 ■: ■ 



Similarly, the algebraic sum of the vertical components of its 
moves approaches 



y-r : ■ ,. •■■^ ";2:,--'8,. ■ 32 ■ 

Therefore, the bug will get arbitrarily close to (f , |). 

The line segments jnay be regarded as a complex geometnc 
• sequence with a, =^1 and r = //2. Its sum is 

' : ■ ,' _ 2 , 4 + 2/ _ 4 , 2 , •-- : 

In coprdinate language, the limit is the point (| , |). 

ffote: The figure shows that the i 
limiting positi^ s E" 

;~ the bug satisfies x 3 

y > 3/8. These inequalities 

alone prove that (B) is the 

correct choice. • 



14 (A) I^r all X ^ - 1^ 

V 

>/ Av \2x + 3/ V 
X =/(/(x)) - 7 cx . Y . " 2cx + 6x + 9-' 

' T2x + 3/^'* 

which impUes (2c +f)x + (9 ~ c^) = 0. Therefore, 2c + 6 
= 0 and 9 - c^|= 04^Thus, c= -3. ; 

The condition /[^(x)]''= x says that the function /(x) is its 
own inverse. Thu^ if 

• ■ ■ ■ ■ - ■-. ex 

v: ;:^=:27+i/^ . ■ 

is solved for X as a function of j*, the result wdl be x = fiy)- 
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Indeed, we obtain ' 

■ and ■ : ■ . 
which implies c = —3* * . . 

- 3/2, 

then f(xyi=. - 3/2. This assumption can be justified ex post 
facto now that we have found c = -3; indeed if 

then 6jc = 6^ + 9, a contradiction. V v 

■15. (B) Let m be the price of the item in cents. Then (\ M)m = lOOw, 
Thus (8)(13)w - (100)2w/so an 
integer if and only if 13 divides w. 

16. (B) The edges of the tetrahedron are face diagonals of the cube. 
Therefore, if s is the length of an edge of the cube, the area 
of each face of the tetrahedron is 

and the desired ratio is 



=,V3. 



17. (D) Since = -1, 

This is real if and only if 4«^ - 4« =? 0. Since 4/i(«^ - 1) = 
0 if and only if n = 0, 1, - 1, there are only three. Values of 
« for which /)'' is real; (« + /)" is "an integer in all 
three cases. 

18. (D) logfcSin ;c = a; sin x - ft";- sin^jc = ft^"; cos "x = (1 - fc^")!/?; 

logicosx = - logftO - 6^"). 
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19. (D) The adjoining figure is drawn and labelled according to the 
given data. We let r be the radius, x the distance from the 
r center of the circle to the closest chord, and>r the comfnon 
distance between the chords. The Pythagoreaft theorem pro- 
vides three equations in r,x, and j;: 



r2 



+ 10^ 



Subtracting the fii^st equation 
from the second yields 

an'd^subtracting^ ^the second 
equation from the third yields 

This last pair of equations yields - 12 = 0, thus 
v > = V^, and ;c 15/\^^^ 




}/x^f 10^ 



20. (G) The number of ways of choosing 6 coins from 12 is ' 

[The symbol j denotes the number of ways k things may 
. be selected from a set of n distinct objects.] "Having at least 
50 cents" will occur if one of the following cases occurs: 

' , . . • , ■ . ' 

(1) Six dimes are drawn. 

(2) Five dimies and any other coin are drawn. 
» 0) Four dimes and two nickels are drawn. 

: The nuiiabers of ways (1), (2) and (3) can occur are 

' (. 6 ) ' ( 5 ) ( t ) ( 4 ) ( 2 ) ' ^^sP^^^^^^y- dfesired proba- 

bility is, therefore, 

>-•■■./, ' / . 924'- , 924' 
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21. (A) In the adjoining figure the line segment from £ to~G, the 
\ midpoint of DC, is diiawn. Then 

area a£5G ^ (| j(area a£5C), : ' 

area a5Z)F - (|j(area a£W) = [^^^^^^ 

(Note that since J?(r connects the midpoints of sides 
and 2>C in, Av4CJ5, £G is parallel to v42>0^ T^^^ 

" areia FDCE • A 

«(|](areaA£J5C) 



and 

area a5Z>F 



1 

5- 5 



area FDCE 5 ' ^ ^ 
The measure of XCBA was not needed. 




22. (E) In the adjoining figure, tha graphs of y = 4x + 1, y^^ x 4- 2 
and 7 = -2x4- 4 are drawn. The solid line [represents the 
graph of the function /. Its maximum occurs at the intersec- 
tion of thelines*/ = x 4- 2 and y - -2x + 4- Thus 

'n. ■ i . . 



and 



2 

^=3 



^41) = I: 




23. (C) Applying the Pythagorean theorem to A CDF and aC£G 
in the adjoining figure yields - 

, ' 4fl^ + == sirfx, 

^ ^ . fl^ 4- 46^ = CQS^x. 



(•"solutions: 1980^ 

i^ding these equations, we obtain 

S{a^ + b^\^ sir?x + cos^x = 1. 
Hence B 

r 



= 3 



^5 
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24. (D) Denote the given polynomial tjy F{x). Since P{x) is divisi- 
ble by (x - rY, we have, for some polynomial L{x), 



P(^) = (x - r)'L(x), 

and since P{x) is of degree 3> L(x) is of degree 1, say 
L{x) = flx + 6. So we have the identity 



- - 42;c 



+ 45 = {x^ - Irx + r2)(ax + 6). ; 



In the right member the coefficient of x^ is a, and the 
constant term is br?-: Hence a = 8, and br^ = 45, or 6 = 
45/r^, and the idemity becomes 

- 4x2 ~ 42^+ 45 - (x^ - :5rx + ''^)(8^ + ^)- ■ 



Equating coefficient 
-16r + 



5 of and X, we obtain 



45 8rZ- 90= -42. 



f 

Multiplying the first equation by 2 r and adding it to the 
second, we have 



-24r2 = -8r - 42 



or 



12r2 - 4 



- 21 = 0 = (2r - 3)(6r + 7), 



so that r = 3/2 br r = -7/6. Now P(3/2) ?= 0, but, 
PC- 7/6) =f 0. We conclude that r = 3/2 = 1.5. 
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For solvers familiar with calculus we include the follow- 
ing alternative. By hypothesjs :8x?'- Ax^ -j^x -f 45 « 
8(x t)^ix - 5). Differeati.ating both sides, we obtain • 

24x^^ ix - 42 - \6{x - r)(x s) + 8(x - r)\ 

: ... . ' ' '■■ ,, ' ,■ • ■ ■, ■ 

Setting X « ir and dividing by 2, we get 12r^ - 4r - 21 « 0. 
From here dn the solution proceeds as above. 



XC) The given information implies that >/J„--i if and only if 
71 + c is a/perfect square. Since ^2 ^^1 and ^5 > ^4, it fol- 
lows that 2 + c and 5 + c are both squares. The only 
squares /differing by 3 are. 1 and' 4; hence 2 + c - 1, so 

c = ■ — I/Now, ' 

- 3 = 6[^2Hr?] + - 6[/r] + rf= 6 : 

Heii</e 6 + c +. d = 3 - 1 = 2. (Although we only needed to 
firid^ b + d here, it is easy to see by setting n = 1 that d = 1, 
^T^A hence b == 2.) 

Not/. The last member of the fc-th string of equal terms occupies 
the position 1 + 3 -f 5 + • • • + 2fc - 1 = in the se- 
quence. Its successor is af^2\^ \ — fl^i + 2. Therefore 

yk' + Y-hc]- =1 = 1, • : 



so c 



= - 1 and 6 == 2. 



26, (E) A smaller regular tetrahedron circumscribing just one of the 
L balls may be formed by introducing a plane parallel to the 
r . horizontal face as shown in Figure 1. Let the edge of this 
^ tetrahedron be t. Next construct tjie quadrilateral C|5|52C2V 

where Cj and are centers of two of the balls. By the> 
symmetry of the ball tetrahedron corifijguration the s^^^ 
C|5| and C252 are paralleland e^^ : 



Thus, J = / + 2, and our problem reduces to that of de- 
termining <. 




In AABC^y in Figure\2, AC^ has a length of one radius 
less than the length b afl altitudes DB and AE of the smaller 
tetrahedron; and i4fi Has length §(v^/2)/, since fi is the 
center of a face. Applying the .Pythagorean theorem to 
aABC^ yields \ 



2' • 

y - 

an^ applying the Pythagorean theorem to a ^2)5 yields 




Solving the second equation for 6, substituting this value for 
^ in the first equation, and solving the resulting equation for 
the positive value of r yields ^ = 2^6 . Thus 5? == 2 + r = 
2 + 2/6. 

OR 

We first consider the regular tetrahedron T whose vertices 
are the centers of the four unit balls and calculate the distance 
d from the center of T to each fac^We then magnify r so 
that the distance from the center to each face is increased by 
I, the; radius of the baUs» We thus obtain the tetrahedron T' 
whpse edge length is to be determined. Since T and TV 
are similar, and since the edges of r have length 2, we have 



(f 
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We carry out this plan by placing the center of T at the 
origin of a three dimensional coordinate systeyn and "denote 
the vectors from (he origin to the vertices by Cj, C3, C4, 
and their common length by c. Since c, + Ci + C3 + C4 « 0, 

(2) - cx « C2 + C3 + C4. 

Taking the scalar product of both sides with c, yields *. 

A. -C| • = -c^ = c, • C2 + c, • C3 + c, • C4 = 3cn;os^, 

where 0 is the angle between and Cy, / i^j. Thus 

cos ^ = -i- ' \ 

The square of the length of an edge of T is 

|c, - C2|^«4-2c2 - 2c2cos« = c2(2 + |j - |c^, 

so 

^ (3) ^ c=V372; ; I 

Now the line from the origin perpendicular to a face of T 
goes throu^ the centroid of .the triangular face. So the 
distance d is the length of the vector + + ^4)^ (2) 
we have, / | 

; : : :d=li(c2 + c3 + c4)| = ic. | ^ 

Substitukng f<)r,c froni (3), we obtain ' I 

V ■ d«(l/3)y372>= 1/^. 
L Finally, from (1), 

OR . ; ; ■ . .1 ; ■. 

Some solvers may be familiar with the fact that the altitudes 
of a regular tetrahedron intersect at a point 3/4 of the way 
from any vertex to the center of the opposite face J Given this 

■ ■ ^ ■ . • ■ — . • ^ - ■ , ■■■■■■[ 
^This can be proved by finding the center of mass k of four unit masses situated at the 
Pertices Iitfinding M, the three masses on the bottom face can be replaced by a single 
mass of 3 units located at the center of the bottom face. Hence M is 3/4 of the way 
•from the top vertex to this latter point. The result now follows by symmetry. ! 
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fact, it follows that the altitude DB of the small tetrahedron 
is 4. From aADB we find 



/2«42 4- {^^t\ « 16+ J. 



: Hence V-r/^ « 16, or / « ^ « 2/6 . 

27.7fe) Let a = + 2/13 , 6 = ^5 - 2/13" and ;c = a + 6. Then 

;c' = fl'+ 3fl26 + 3aft^ + 6^ 
;c,^ = a' + ft^ + 3abia + b), 

= 10+ 3v^^;c. 

The last equation is equivalent 'to + 9x - \0 = 0, or 
{x - l)(,x^ + X + 10) = 0, whose only real solution is x = 1. 

28. (C) Let fix) = .x^ + x + 1 and g„(;c) = x^" + \ + (x + 1)^". 

Note that (;t - l)/(;c) = x^.-\, so that ^e zeros of f(x) 
are the complex cube roots of 1: 

<o= -i +[^,- = cosl20°)+/sinl20° =>"'/^ + 



u' = - i" - = cos240° + / sin240° =i= e'^"/^ = w^. 
Note that' , ' 

Now g„(;c) is divisible by /(;c) if and only if g„(<o) = 
g „((>>') =. 0. Since w and w' are complex conjugates, it 
suffices to determine those n for which 

:/ 'g„(w) = <o2'' + (w+ 1)^"+ 1 =0. 

.-WgTiote that 

. , „ + 1 = i + = so (w :+ 1)^ = e''/^^ w. 

\ ^The polar representation of the complex number a + ib is rCcos^? + isin^), where 
'^r « + 6^ and ^ arctan— . For brevity, we set cos^^ + / sin^ - e'^ Q in 
'1 radians. Note that e'^*'' « I for all integers k. This exponentiaTnStation is not arbi- 
trary. Complex powers of e are defined as e""^'^ « e" (cos^ + /sin^) for all real a 
and 0. 
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• Thus/ wh<?hcv^«4s^ multiple of 3, say \? « 3/c, we have 
g3^((o) « (o^^'^/f (co + l/* + 1 ^ 1\M ^0. 

Suppose n is not a multiple of 3. 
If n « 3fe + 1, 



(0' 



.2n 



(0 



(o^ ^. ((0 + 1)^" «■ CO 



CO 



and 



g3k-^\{<^)^^ <^ -1 + 1 ="0• 

If /i«3fe+2. . ' ^: ^ 

(co + l)'" = co 



3* + 2„ ^2 



and 



4 r- *> ' f 

Thus g^(co)^0 if and only if rt.is a multiplb of 3, and 
g^{x) fails to be divisible by /(x) only in that case. 



GR 



ger coefficients, and 



Both of the given polynomials have intlj 
jc^ + X + 1 has leading coefficient 1.. " 

(1) jc^" + 1 + (x 1)'" r Q{x){x'^x + 1). 

theh Q{x) has integer coefficients. Setting x'^ 2 in (1), we ^ 
obtain \ . 

>3^"-e(2)-7. , ^ 

which shows that 7 divides 2^" + 1 + 3^". However if n is 
. divisible by 3. both 2^"* and 3^" leave., remainders of 1 
upon division by 7. since 2^* - 64*^^ (7 • 9 + 1)*. and 
3^* = (729)* = (7 • 104 + 1)*; so^ 2^" + 1 + 3^" leaves a 
, remaindei- of :3 upon division by 7: 



Note: The second' solution, unlike the first, does not tell us what 
happens when w is not divisibie by 3, but it does enable us 
to answer the question. We'know that only one'listed answer 
' is correct, and (C) is a correct answer since 3 divides 21. 
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29. (A) If the last e^guatioii is multiplied by 3 arid added to the first .. 
: : V 'equatioii, we obtain ' °o 

^. ^ . ■ ' • 

\ Clearly is odd and less than 25, so ZM=f 1 or 9. This 
Vleads tp^4he tw6' equations 

.2x2 154 

and 

. ' both of which are quickly found to have no solutions. Note J>t^ 
: ; th^t we made no use here of the 'second of | the original 

, "- .equations. . V' ■ '.■ "i"^ ' ' ' ■ 

OR 

Adding the given equations and rearranging the ternjs of the 
■'■^'^r^ resulting equation yields ti ' . \ 

^ J- . ' ■ ^ -■■ ■ ■ ' ■ ■V' .■ . ^ ■ 



Ax-yf -yiy ^ 3zf^ 175V . 



: ' square of an even integer is divisible by 4; the square of '^r' 

'f^::^" a^^ (2n +1)5, has remainder 1 when divided by : . 

: ■ 4 have 0, 1 or 2 

/ / y as assmaiij^ But 175 has remainder 3 

; ' : and hence the left and right;,sides oif Ihe^ 

etjuau^ above £iannoPbe . equal. Thus there ire no irite^al 
-Nj.^ solutions. / J . 

,/') ■■. ■ . / 

; 30: (B)/^ is squarish may be expressed algebraically as follows: 
y there single dUgit integers ^4, B, C, a, 6, c such that . 



of A, ByC excedcisS^^; and so a and, c are posi-. 
tive'.*^ce lO^B^ + < 10^ :We can write 



. . : ■ +106 + c)^ <f 10I42 + 10V<'10^(/1 + 1)'. 

V : ' ■ ■ '. ^ 1004 < .100a^Q@4- c < 1004 + 100; . ^ 



from which it foUows that ^ = a.,,Hence a > 4. Now con- 
sider ,. ' . ■■• /' ■ . ' 

M = N- 10*/l2 = (.iO> + I0fr+ cf - lO^fl^ 
= \0\2ab) -h \Q^{b^ + 2ac) + I0i2bc) + c\ 

Since M has only four digits, 2a6 < 10, which impUes that 
at < 4. Thus either (i) b = 0, or (ii) a = 4 and 6 = 1. ; 
In case (ii), 

N= (410 + cf = 168100 + 820c + 
If c = 1 or 2, t^e middle two digits of N form a number 
exfceeding 81, hence not a square. If c > 3, then the leftmost 
digits of AT are 17. Therefore case (i) must hold, and we 
"'have-. . ■ 

* , ;N = (i02a+'c)^ = lOV + + 

' Thus a > 4^' c> 4.vand 2ac is an even two-digit perfect 

square. It is now easy to check that either a = 8, c - 4, 

N =^ 646^16, or d = 4, c = 8, N = 166464. • 
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1981 Solutions 

1. (E) X + 2 = 4; (x + If =16. 

2. (G) The Pythagorean theorem, applied to /^EBC, yields (BCy 

'2^ ~ F = 3. This is the area of the square. 

_^ ^ X Ix 3x 6;c 6;c 6x 6;c' 

4; (C) Let X be the larger number. Then a: - 8 is the smaller num- 
: ber and *3x ^ A(x - 8), so that Jc = 32. : . 

5. (G) In £^BDC, 4.Bp(f^ 40°. Since />C is paraUel to AB; / 

jCUBA - 40°. 

Also, jCBAD = 40° since base angles of an isosckes triangle 
are equal. Therefore 4:y<i>5 = 100°. \^ 

' . ^ \ . "■ •■ . 

6. (A) (>^ + 2j>;- 2)x -(j>;V4- 27 - l)x- (^^^^ 

V ; [(/ + 2;;- 2]|^t^ 

Rewrite the right member of the given equity as 
(j^^4-2j^- 1) 
^ (>'' + 2>^-;.^l)^l 

. and note by inspection that x - 4- 2y - 1. , 

7. (B) The lea.st common multiple of .2, 3,4 and 5 is 60. The num- 

bers divisible bi^ 2, 3, 4 and 5 are integer niultiples^of 60. , 
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8. (A) The given expression equals 



~—x-^y-\-z\ 



( X>'2 ) _ 



iSr<?re: The given expression is homogeneous of degree - 6; i.e. if 
X, z are multiplied by U the expression is multiphed by 



/~6 



Only choice (A) has this property. 



9. (A) Let s be the length of an edge of the 
cube, and let K and T be vertices of 
the cube as shown in the adu)ining 
figure, then applying the Pythagorean 
' theorem to A ?Q/{, and a Pi? r yields 

' The surf ace area is 65^ =^ 2a^. 

10 (E) If isAPointonline L, then by symmetry p) must 

be a point 6nk. Therefore, the points on A: satisfy 




X = ay \ 



Solving for y yields 



x^ 
a 



b 
a 



11; (C) Let the sides of the triangle have lengths 5 - ^i, 5, 5 + 
Then by the Pythagorean theorem ^ , 

Squaring and rearranging the terms yields _ \ . 

' Since 5 must be positive/ 5- 4rf. Thus the sides 

3d 4d, 5d. Since the sides must have lengths divisible by 3, 4, 
or '5 only choice (C) could be the length of a side. 
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Note: The familiar 3-4-5 right triangle has sides which are 
in arithmetic progression. It is perhaps fairly natural to think 
of multiplying the sides by 27, thus getting 81, 108, 135. 
Since there is pnly one correct choice, it must be (C). 

12. (E) The number obtained by increasing M by /?% and decreas- 

Wg^the result by 9% is "loojt^ ~ Too) 

ceeds M if and only if the following equivalent inequalities 
^ hold: 



4 + -4)('-T55)>'^' 
(>^4)(>-l?a)». 



p 1 ^ 100 

^ 100^^ , _ _JL " 100-9' 
100 

> _ , = g 

100 100-9 100-9' 

1009 



100 - q 



13. (E) \i A denotes the value of Ihe unit of money at a given time, 
then .9A denotes its value a year lafer and \.9YA denotes its 
value /I years later. We seek the smallest integer n such that 
, /I satisfies these equivalent inequalities: " 



\ 



(.9)"^ < .M, 

i io j ^10'- 
7 9 Y" ' 1 

/i(2log,o3 - i) <-,— i;. 
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14. (A) Let a and r be the first term and the common ratio of 
successive terms in the geometriasequence, respectivd^ 

. . . ■ r- 1 , ; 

The result of dividing the second equation by the first is 

' ' : ■ /»(r^ - 1) _ -91 _ . ; ; 

The left member reduces to 

r^- 1 , 

'•■ so . ■ ■■■ 

> + r2- 12 = 0, 
. (r^ + 4)(r2 - 3.) = 0. 

Thus r 2 = 3 and 
* a + ar + ar'^ + ar^ = {a + ar){l + r^) 

= 7(4) = 28. • 



15. (B) For this solution write log for log^. The given equation is 
equivalent to 

(2xy°*' = (3^)'°'- ■ 

Equating the logarithms of the two sides, one obtains, 
log 2(log 2x ) = log 3(log 3x ), 
log2(log2 + logx) =:\log3(log3 +"logx), 

(log2f.+ log2(logx) = (log3)^+ log3(logx), 

(lo^2f - (log3)^ = (log 3 - log2)logx, 

-(log2 + log3) = ibgx, V — 

log-| = Ipgx,'' 
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16. (E) Grouping the base three digits of x iii^airs_yields 

; ■ ; ; = (1 • 3 +»2)<:32)' + (1 . 3 + 1)(32)« 

+ ••• + (2-3 + 2). 
Therefore, the first base nine digit of jc is 1 3 + 2 = 5. 

17. (B) Replacing i>c by ~ in the given equation 

^ /(x) + 2/(j) = 3x 

..•"yields 

Eliminating f^^^ f^o^ ^^^^ equations yields 
Theri7(jc)= /(- jc) if and only if - 

or = 2. Thus x = ± \^ are the only' solutions. 

JC ■ ■ ' ^ — JC '■ ■ ■ ■ ' 

18. (C) We have -jQQ = sin x if > and only if = sin(-x); thus, 

the given equation has an equal number of positive and 
negative solutions. Also jc = 0 is a solution. Furthermore, all 
positive solutidns are le'fes -than or equal to 100, since 

|jc| = 100|sin jc| <jlOO. 

Since 15.5 < 100/(2 7r) < 16, the graphs of jc/100 iid sin jc 
. are as shown in the 'figure on p. 158. Thus there is one 
solution to the given equation between 0 and tt and two 
" solutions in each of the: intervals from (2fc ~ l)7r to 
(2k l)7r, 1 < k < 15, The total number of solutions is, 
therefore, 

1 + 2(1 + 2 -15) = 63. 
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19. (B) In the adjoini^ 
ure, Biy is e 
past N and ixieets 
at E. Triangle>M4ns; 
congruent Io aE^NA, 
sinct jCBAN = jCEA^\\ 
AN = AN and XANB\jCANE. Therefore N is the mid- 
point of BE, and ylB ^ AE = 14. Thus EC = 5. Since 
MN is the line joining the niidpoints of sides BC and B£ of 
aC5£, its length is i(£C) = i _ 



20. (B) LciUDARi ^ 9 and let 5, be the (acute) angle the light 
beam and .the reflecting line form at the /''' point of reflec- 
/tibri. Applying the theorem on exterior angles of triangles 
* to Ai4i?iZ), then successively to the triangles 
' 2 :$ / < and finally to Ai?„5Z) yields 



^2=^1 + 8^ = e4- 16^ . 

^3 - ^2 + 8^ = e + 24°, 

e^-^e^^^ +.8° = e + (8nr, 

90° = fi^ + 8° =^ e + (8n 4- 8)°; 
But 0 must be positive. Therefore, 

0^6 = 90° - + 8)°, 

82 ■ - 
n < < 11. 



The maximum value of w, 10, occurs when » 2° 
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21ftt>) Let 0 be the angle opposite the side of length c. Now 

^ . f Vc)(a + 6-c)>=3a6, 

But . 

^^^^^ + 6^ - labcosO == c^, 

■ ■ '• ■ 1- ■ ■ 

; SO that ab = labcosd, cosO = 5 = 60°. % 



22. (DfConsider the smallest cube containing all the lattice points 
{iy jy k\ 1 < /, jy k < 4, in a three dimensi(^al Cartesian 
coordinate system. There are 4 main diagonals. TThere are 24 
^ diagonal lines parallel to a coordinate plane: 2 in each of 
four planes parallel to each of the three coordinate planes. 
There are 48 lines parallel to a coordinate axis: 16 in each 
of the three directions. Therefore, there are 4 +. 24 + 48 = 76 
lines. 

. ^ ' ■ 

Let 5 be the set of lattice points (/, y, fc) with l ^ ij j\ k ^ 
4, and let T be the set of lattice points (/, /, k) with 0 ^ 
/, y, k ^ 5. Every line segment containing four points of 5 
can be extended at both ends so as to contain six points of T. 



• Points of 5 
o Points of T - S 



o o o o o 
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.(The figure on p. 159 shows two of these extended lines in the 
xy-plane.) Every point of the " bor^Jer" r - 5 Is contained in 
exactly one of Uiese lines. Henqe the number of lines is half 
the iiumber of points in the border, namely half the number 
of points in r minus half the number of points in 5 

: ^ = 1(63 ^4^) = 76. • 

Note: The same reasoning shows that the number of ways .ol 
making tic-tac-toe on an h-dimensional " board'' of lattic< 
. • ' -points is ^[(5 + 5^^^ 

23 (C) Let O and H be the points at 
which P<2 and BC, respectively, 

^ intersect diameter i4r. Sides v45 

and AC foirm a portion of the 
equilateral triangle circumscrib- 
ing the smaller circle and tangent 
to the smaller circle at T. There- 
fore. aPOTis 
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- 2 2(2cos2fl - i> - 2cos2e.; 

|ces except (D). ? * - 

rote to the Contests Committee to 
solution because, for 0 < 0 < 'rr 

— > 2 for £ill X. This claim 

X 

hi the problem did it say that 
Irestriction is intended, it,; is' 



3a, AB, y ^ AD, 
e bisector Uieorem^ 




en 



^'^;£\ 

c b 

in the adjoining figure. This is a consequence of the 
* law of sines applied to each sub triangle and the fact 
, that the Supplementary angles at haVe equal 

sines. ... ' 



igle bisector/of a triangle divides fthe 
fgth to the adjacent sides, i.e. , ' ^ - 

■ ' ■■ ■ • ,• 

■ A, 




B d D e; C 
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The equality of the first and third expressions implies . 
' 3c^-4>^2 = -96. 

Solving these two equations for and 7^ yields 

c2 = 40, = 54. 
Thus the sides of the triangle are 

^5 = c = 2/lO « 6-3, . 

= 5 = 2>' = 2v^ = 6v/6; « 14.7, 
5C= IL 

■ ■■ ■ OR 

Using the angle bisector formula^ and (1)^ above, \ve have 

^ /-f-6^cz= 1^2, ^2 + 18 _ ^|2>'2^ 

Solving these equations for and 2^ yields y'^ = 54, 
2^ = 90. Therefore \^ > 

vl5 = c = |\/90 - 2\/T0 , ^C^^ 




t The angle bisector formula states that the square of the angle bisector plus the "product 
of the segments of the opposite side is equal to the product of t^ adjiacent sides: 

(**) de-= bc, - Af 

This is a consequence of the angle bisector theoreni ; . 
and the law of cosines:, .-. 

-i- k^ - Ickcosa ^ d^, 

1.2 ,2 nL, 2 ^ ^ B d D € t: 

Multiplying the first equation by 6, the second by c and subtractings we obtain / 

■ ;\ bc^-bh-k^(c-b):^d^b-'eh, ' / 

■ By (*) (see footnote on p. 161) the right member can be written dec -r edb\ thus 

.\ . (c- 6)[fcc-A:2]« (c-6)i/^. J 

Dividing by (c ^)g^§^ adding k^ yields formula (**). In the isosceles case, c - b - 
0; but the angle .bi^5r is the altitude. so-that C*"?) becomes a consequence of . the. 
Pythagorean theorem. ' ' . 
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26. (D) 1 he probability that the first 6^ is tossed on the fc-th tpss is 
the product - ^ . 

/ probability that never a 6 was \ /probabiHty that a 6 isV 
\ tossed in the previous - 1 tosses / \ tossed on the k"^ tpss / 

. . - •: , \ =(V6)*-' (V6). " 

The probability that Carol will ,toss the first .6 is the sum of 
• the probabilities that she will toss the first 6 on her first tjum 
{3^^ toss -of the game), on her second turn (6 tosf of- the 
^ game), on her thirds turn, etc. This sum is , 

an infinite geometric series with first ter^a 
common ratio 3r ^"^j • This su 



sum IS 



1 - r 



1-/576^) 



.6^ - 5^ 



2^. 

'9i; 



27. (C) In the figure, line seg- 
, meat DC is drawji^. 

' Since AC - 1-50°, AH 
^ AC - ^DC - 150° - 
■ * 30° := 120^ Hence 
jCACD = 60°. Sincere 
- =^ DG, GA>-;r 6b- XB 
' = iC - '120° = 30°. 
xTherefore CG = 180°-, 
-and '^CDG = 90°. So 
; - ; \ ADECis a 30V60°--90° 
triangle. ^ : ' 

Since we are* looking 
for the ratio of the ajeas, 
let us assiiineVithout loss 
of generality that = ^5.= DG = J. Sirice :^C,and D& 
are chords of*equal length in a circle, y/chavt AE = DE. Let 
X be their common length.^Then, CE = 1 - ^ = 2x/ 
Solving fbr a: yields a: = -2/3 - 3. Since 5^ and 

' DG are.chords of equal length in a cirde, we have FG = FA, ' 
and -sirrce Aio4£ is isosceles, = ivi. Thus ■ ^ 




JSF-^FG 



1(1 -i^. 
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Therefore ' ' *- V 

area A/lF£ = |(/l£)(/lF)sin30° ^ .. / 
■ \ I - X I x - x^ 7/3"'- 12 



2 2 2 8 '• 
area aABC = ^<>15)(>lC)sin30° =-^^ 



^ ' • . > Hence " 



5 • area a^F£ _ • 

' < ^. areaNA^BC ' - 

28. (D)' Let g(x) = + Oj^^ + ^1^ +^^6 be an arbitrary cubic with 
constants of the specified form... Because dominates the 
other terms for large enough x, g{x) > D for all x greater 
. than the largest real root of g. Thus we seek a particular g in 
.\ . : which the terms a^x^ + a^x. -h Oq "hold down" g(x^ as 
much as possible, so that the value of the largest real root is as 
large as possible. This suggests that the answer to the problem 
is the largest root of /(x) - Ix^ - 2x "-.2. Call this 
root r^. Since /(O) = -2, is certainly positive. To verify 
this conjecture, note that for x > 0, ; 

. -2x^^02^% -2^<a|X, and -2<flo- 
Suniming these', inequalities and adding x^^ to both sides 
" yields fix) <g(x) - for all x ^ 0. Thus fo^ all x > Tq, 
0 < /(x) < g(x). That Is, no g has a root larger th Tq, 
so To is the of the problem. 
. A sketch of / shows that it has a typical cubic shap^^ 

\ with largest root a little less than 3. Jn fact',jr(2) = -6 an4, 
/(3)^ 1. To be absolutely sure the answer Is (D), not (C), 
compute /(i) to isee if it is negative. Jndeed, . 



^ f^^9. (E) Since x is the principal^ square root of some quantity, x > 0. 
" * For x > 0,'the given equatipn istquivalent to ^ : 



■rt ' 



a - )/a + X = X?:; V 
The left memijer IS' a constat, an 
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increasing function of x, and hendl? the equiffiriiasjr^kcl^^ Stiff 
:fj|Sv}^;f<;;bne solution; /\Vb write , ■;■ :(v ] ' ^''^^^^kt^i^;^. \ J: ■^V'i-i''^^^.;;:^^^ 



■ '^i ^ ^ 0> we ^may 'divide by ;X 




' — ^ ^i^'z only .solutioi^ 




indeed • 4^ 



■ : V : [We; took' the 2l>ositive$iiq^ roctt ^vsince a > J^,^; 
■^■j-^u^^^:^^^^ namely ^ 

^ wHch w^ solve ^.^^^^^^^^ pj. -. 

^, : 7^ nioliw5?tiHat;i^^ tHe||plution (^^^ tlie 

; , V ; . ' original equation;^ ic' = 1: IMs elirftihates^^a^^ choices except 



\ 
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■ ^ 30: (D) ^cii^he xoeffid^ function /(jsc) / 

; ^ fcc -:3 is zero, thei^siim of the roots of /(x)'is zero, 



and thjerefore 



+ b + c H- if t/^. . - 1 K^. 



• Similarly,- ^i^i-v/' ' 

'Kfei|ce tiie equation' /^-^j = 0 has the specified solutidhs:^^! 



j- - 1=0. 



■ % 



■/••;■• 



'6) 
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1982 Solutions 



1. (E) 



+ Ox 7- 2 



i»x^ + Ox^ + Ox - 2 
x^+ Ox^ - 2x ' 



2x -2 = 'rditiainder. 



We hjave 



- 2 ' — ;2x 4^'ix — 2'V ' 2jc - 2 
— ==.x+. 



y- • x^ - 2 .■■.x^ r- 2 

so the remainder is 2x -^ 2. 



8X:>f 2 



v2:'(^)^The answer is .- ...'^ = 



= 2x +. 



: 3.: For x^^^=^^ 



- -■■J.i'fV'/ 



; ; 4v (E) LeV r b'e tfi^^^^^^^ The perimeter of a 

" ' ^ semicircular region is Trr +\:2r'^$iie area of the region is 



57rr^ Therefore 



— ■>';-.v ^ ■ , . 41 ■ . 

■ i^i^^^r--^ 2r =. 

■ ■■■2,.4=,;j, 



'5: (C) Since y = — x, — > 1, and x > 0,; it follows that x is the 



smaller number. Al^oi^^ij^^t)^/ == Thus 



X 
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6. (D) The sum of the angles in a convex polygon of n sides i^^^^^^^^^^ 
(n - 2) l^P^ Therefore, if X is ^ ^ f . 

• '^0^ 2)180° = 2570^ + X, with 0^ < X < 180°: , ^ .! 

^If w:^^!^, then {n - 2)180° = 15(180°) = 2700^ .^nd xy 



: i;iv. : ' i3Q°y5Sntaller values of ^ wouM yield negative vapes of 
and jiargfer values of would yield values of x greater than 



+ + l)(z + 
> ' = (5 + i)(;',H<z + 2iVr 



Ib^ne^^ by evaluating the sequence 
as choices.) \s 



' v:!^^;^;;- Jlf^l^^il i ^^^^ -tiii^ as ci 



Jjoinmg 
C is^ ihe 



.".'/vj-' ==• 4^\the two re- / 

t^:'-" : ^ ■ '^^^^ ;giOi& " must ^each J5(0, 0)^ 
:> ^ ^'^i^^S*^^e areAZ- Since 



^(1.1) 



mi) 








! V : 'Cli'i the par tiori of 
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:^ : J" • \r^a less.than;area =' i, the line x ^S^^^^^deed right 

^ >; / •of A^jSiS sh&^n: theVe^uatioh of line JSfCxs.j' = x/9, 
If - - the' vertical line x « a intersects JJC at a point E:ia, a/9). 

SIF''-- ■ ■ '^^ ■ areaAZ?£C=-2'f=i:(l-f)'(9-fl). . 1 . V 



• j'j.r '■ 



\ /- . , ^(9-^)2 = 36. . / 

Then 9 - =, ±6» and 15 or 3. Since the, line x = a 
must intersect A/IBC/ 3c ==^3. • , ^. ' 

v.. 



|ia: (A) Since MiSr . is ; paralleKto BC, r 
:rMOB = jCCBO = ^bBAi', 




V 



and - f 

.- . 12 
i^CON^ jCOCB ^ iCNCO. 

Therefore MB = MO ^"^^ ^ " " 

and ON-^ MC: Hence ^ ^ Vi^^^^^^^^^ 

. ^ ^ -. = .4B =>2 + 18 36!. : 

V Note thSt th^given value- BC 24 was not needed; ;in fe^^ , 
. ^ oilly the 5t/w^^^lerigths of the 6 ^a? used. - ; 

1 1. (e) ;ii(>^;th^ si^ numbers-^^ 

{(0,2), ^2,0);.(1,3FQ;*1),:."^ is ±?. All' 

but '(0, 2) darflje .u^m 
• of the required nMobrlgFor each of.th'e .15 orde^^^^ 
there are 8 - 7 = 56 ways' lo fill the remaining middle two 
' digits. Thus thetfeaxe 15 - 56j.= S'^numbersi 

12. (A) Since /(x) = ax' +.6^^-+ cx - '5, ' * ' ■ - ' - 

.;. /(-x) = fl(-x)' + fe(-'x)' + c(-x)-..5. 

• 'r i -XherdorS^ fi^^fi-x) = - 10 and /(?) +/(- 7)'= - 10 
. Hence, since /( - 7) = 7, /(7) = - 17. ; 



/ 
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13. (D) We have 



■ /^(logfca) = logfcOogM' ; 
■■ , 'logfcCa") = logfcOogfrfl), 

14. (C) In the adjoining figure, A/AT is perpendicular to ./4G at A/,* 
• ' ' and ATF and PG are radii.. Sincd iiAMN - a AGP, it foh 



'. plying the I^thagorean theorem to triangle M?//' yields 
(A/F)^ = (15)2 _ 92'= 144, so = 12.. Therefore .'E^^''}, 




■ . • / 



1,5. (D) We have 



Tliereforej 4.< oc'^^- 5, and^^^^cf^^^^^jX 



16, 



''17. 




..; \5:<x'-\::S< 16. (Altematiy 



:t^jn y^i^^t^^i^^^^S^wiy^ exposes 4 interior 

..^^^^f^^^^f^il^-iimtt^^^ ^i si^usu'e meters is , ■ 

■ =,"7£:''^-.-;;M 

(C) Let y =7 ;3^j then 3^^? 3^-^^ =f 27y. The given^ i 

; equatibnjiowvbecomes ' * * / ^ ^ : 

■^>hd h2^^ lierice the origiixpl 

V equation hasve>^^^^^ ?f ~ 
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,18. (D) Without loss of general-C::;';^ ^ 
, '. ity, let = 1 in "fte - i 
, ' . adjoining figure. Tnen 
BH =-2,BF=\f3 = DG 
= GH, and DH = ^/6 . 
" Since Z)C: = //G = V3 , 
aZ)C5 s A//e5 and , 
DB = HB = 2. Since- 
• A 2)5// is isosceles, 



J71, 



•cosfl = 




19/ (B) When 2 < JC < 3, /(jc) == (x - 2) - 4) + (2x - 6) = 
- 4 + 2x. Similar algebra shows that when 3 < ^. < 4, f{x) 
; ; ^,^ V .= 8 - 2jc; and when 4 x < 8, /(^)'=^0. The graph of 

; ./^ V 

. ; ^gv, ing / figure shows 

> that the ma^ynium 2 



'and', minimum of, | 
^ ^{x) are 2 and 0, ' 
re|pectiv^ly. 

NdfJi . Since k'^^lintear 




: its extreme vaiu« 'atf : t%|^jj^ - 

■ . interval, and since the given . function is:^ 
terval, it suffices \o calculate: 



= 0. 



2b. (D) Since 




fThejtefore, if fc. is an integer .sati^ti^Jg^x 
\-: X^:=l 10 k^^ then there is a s^S^fyiiig^ MJ^fdm.,. 
-H6ti|^here;are infiiutely nJmy solfi^ions^ 



21^ (E)- Since the medians of a triahgle intersect ai a puxm iir^v, t^^o^^^,^^^.;^^^^^ 
thi distatrce from the vertex and one third the distance froni^';^?^^;^^ 
; ^the side to which they are dravsoi, we can let 'a; ^ iX/V and^^^r/'^^ 
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' T H E MA A P R O B L E M BOO K I V 



2x = BjD. Right triangles arid jBiJC air^^^s^ 2x 
= Right triangles 5CiV and 5/)Care simiiar, so 

Thus ^ 6x2 , X = — > / \ N:. 
and BN ^ 3x ^ 




22. ,(E) ; In- the adjoining figure RX is 
perpendicular to QB at A". 
Since 4:^^?/^ = 60°, A/^Pg is^rj 
equilateral and = a. Alsc?%i^^ 

Therefore, A Are s A /MP. i^^^^^^^ 
'Tims yi^:^ h\ } '■■^^v- 



















1 75A/ ^5° 


r 


■ ''^ p. . 





Q 



B 



w = /IP + 7*5 = acos75° + acos45°. 
From the identity . ./ - 

/I + 5. ; y4 - 5 



cbs>l + c6sB = 2cos- 



COS ' 



it follows that 

. ' . ' : , 75° + 45^ ■ vN^^^^ 

.h;^-<i2cos- — r^— — ^cos^ 

= a2 COS 60? COS 15° = flC0sl5'^''= asin75° ^'h. . 

'. . ■ ■ ■ ! . 9"^ ' ■ '/ . ' ' ■ ■ ■' " . . • '■ ■ ■ • • . 

• . ■ ^ ' . - . ■ , . . 

23. (A) In the adjoining figure, /2 denotes the length of the shortest 
> side, and 0 dleliotes the measure of the sihallest angle. 

the law of sines ^d writing 2 sin^ cos^ for sin 2$, we obiain;< 



J&^^^^i^^^^-'- • . sin 0" ; 2 sin 0COS 0 




/I + 2 



/I + 2 



', % Equating to tiie expression of cos^ obtained from 
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the law of cosines yields ' / 

n^ 2 '_^ {n 4- l)^ -^ {^.^ if - /i^ . 

2(/i + l)(/i + 2) : / 

^ (/I -f l)(/i -f 5) W /I -I- 5 
2(rt + l)(/i> 2) ^(rt 4^ 2); 

4 + 2 ^/S /X' 

4(2) 4.: v'.V:.;- 



2/1 



Thus n = 4 and cos 0 = 





24. (A) In the adjoining figure, let 

AH F^ y, BD ^ a, DE =^ X and 

£C = 6. We are given = 2, , 
. (SF = 13, HJ = 1 and /t: V 1. 
^ Thus the length of the side of the 

equilateral triangle is 16. Also,/ ■ 
* using the theorem about sec- / 

ants drawji to a circle from • 

an external jioint, we ^have 

;;(^ + 7) = 2(2 '-f 13), or 

: 0 ->;2+ 7y -. 30> (j^'- 3)(j^ ' ^ 

-flence y = 3 and.A/ = 6. Using the same theorem we have^ 
: i(i?.+,x) =1(1 + 13) = 14 and a{a x) = 6(6. + 7) = 78. 

,; .. ., -Alsp/^\6--f->x^^ 16: * ; . ■; . ■ 
/^^h^ solving the system; 

' ' (3) • ' .' a + 6 -h X = 16. * " ■ 

' ; The one given below allows uis to;find x without first having 
V . . , to find a and 6. ^. 

X i^.Subtrac^ equation^: from the first, factor out 

(^ ^ 



;f^(^'r6)16 = 78~ 14=^^[gf^.. 



• Adding tlb 



we qb tain 2*^31 + X:== 2Qy y^rhenc^ 

\- 10 ,~:(x/2). -Tf-V^^^^^^^^^^ 
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£1 



= 22, 



5^ 



25. (D) The probability that the 
' student pasises through 
C i^ the sum from / = 0 
to 3 of the probabilities 
that he enters intersec- 
tion C^ in the adjoining 
- figure and goes east. The 

V:4S?^^t^ path has 

' - 2 eastward block^^seg- 
/ me^^ arA(tnheye|t:£cfi oc- 
cur in any order. The 
probability of taking any 



1 



-I r 



;e = 2\/22v 



HE 



IT 



Co 



1 r 



one of these paths to Q and then going east is (i) bev 
cause \here' are + / intersections ^piig the way (including 
A knd^Ci) where an independent. cnoicQ with probability i 
is made. So the answer is 



2_ 

16 



, 10 ^ 21^ 
64 32 



lay xonstiuci .a-tree-diagf^ of the respectivd''probabil- 



iiSii^ji^tau^ steii-by-step as shb>yii in t^e \ 

lilsd'^fems a^ a check on - 
the computation^) 



it lis important:^<apre- ^ 
cognize that ndfeslU^ ; 
twenty of the thirQ^Sive ' > 
paths leading from A io 

t h r o u g h ^'Qi^r&_ ; 
dually likely ;#^ence. 5^ 
ahsy/er "tG^H-iS: in^^Girect!*?^; 



■4 
.1 



-16 



^ 8 
• i 

. i: 
-2 

^ 32 

:,l-r 

1 
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^26; (B> If - (afc3c)^,; let >i = (de)^. Then ti^^^ (8c/ rf- e)^ 

64d^ 8(2Je).+,^^ Thus, the 3 in ab3c is the first digit (in 
?. base 8) of the sum of the eights digit of ^^ (in base 8) and the 
. units digit of (2c/<?) (in'^base 8). The latter^is evenV so thtf 
former is odd. The entire table of basei 8 representation^ 
squares of base 8 digits appears below- . = 



■ e 


. 1 


2 


3:--. 


4 




.6 






I . 


4 


11 


20 


31 


44 


61 



The eights digit of e-^ is odd only if ^ is 3 or 5/, in either case 
c, which is vth^( units di^^f^:^?^^^^^ f^t^; there; ar^^ 

three choicesi^for n: fi^^^^tf^^!^^^ 
(1331)8, (6631)8 'ana (2531)^?'^^p&tiy6|y^^ . 

"We are giveilu.^- ^-V ^ . v'.';; ■: 

^^^^^ \ S 3 + c? 

if /I is even, /J^ is divisible by 4, and its remaind^. upon 
division by "8 is *0 or 4. If n is ddd, say n ^ 2k + iMhen 




4(fc2 + ik) + 1, and singg + - /c(/c -f- 1) is\al- 
ways even, has remainder 1 u^Jon division by 8. Thus, in 
all cases, the only possible values <|f c are 0, 1 or 4. If c = 0, 
then /I ^ = 8(8 AT -I- 3), an impossibility since 8 is not a square. 
If c= 4, then /I ^ = 4(8L -I- 7) ariotKer ir^ossibllitysinceno 
odd squares have the form 8L + 7. Thus c = 1. 



We recall the theorer^^l^^m^lex tot^ts pf 'p^o^ vWth 
real colefficients come in coryugate^pair&r^ti^^ applica- 
ble, to thefiivsn^ol)^^ is proved! by a 
iraqti^'wlSchwe can use to >yorlcthis problen> too. Namely, 
conjugate both sidies of-the onginal equation o . » 



i^pbtainiflg' - 



That is^'^-^z^^'-r-a-'^ ib is: also a solutipn of the original 
equatibiv (One .may checlc by example that neither -a - hi 
nor a hi npr b ^ ai need be. a soliition.) For instance, con- 
sider the equation r"* - iz^ = 0 and the solution 2 = /. Here 
.fl = 0, 6 =^1. Neither —/ nor 1 is a solution. [Alternatively, 
the* substitution z = /vv into the given equation^ mak^ the 
coefficients real and the above quoted theorem/^pplicablte.] y 
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r 28. (B) Let Ti be the last numl?er on^aheJ^ the largest 

, ; average possible IS attained ^^i^ is erased; the average is thqn 

The smallest average possible is attained vyhen « is erased;, 
' ^y;- the. ayeragC: is then • 

■ ■■ : . njn-l) ■.^yn--'. 




•Thus , .•.M..,.:,...:, v 

2 ^ ^^17 ^ 2 
14 

n < 70— + 



Hence n;f= 69 or 70. Siri<^i^57V is.^tK^ average of (ti - i) 
integers/(35f )(n - 1) .imik be art integer^^a^^ is 69. If x 
is the number erased^r^fneri - 




(69)(70)-x L ' 

-68 , ; ^.17 ■ ., ' 

69 • 35°- x = (35:4)68. . ' 

■ . . ■'■^•^■-v,,^ 35;-:68'+ 28,^ ' ,.. 

x=-7,,_;-; " 

Let m = .x;^j>oZfy he the niini|num value, and- label the nuni- 
bers so that»Xo ^^Vo <^o- ^" fact Zq = 2jco, fpr if Zo < 2Xo, 
then by deifreasing. slightly, increasing Zq by the. same 
amount, M l<eepm| >o f«ed, we would get dew values 
which stiil pieet jthe^i^cGnstrm 

product— contriE|diPti^^iii! To show this contradiction formally, 
let' icr= iCo r;7j?Sipz^ = + where ft > 0 is :^so small 
that z, < 2x, 'ialso.J^en x,^^ z, also m^t all the ongmal 
constraints, and ' = 

XiyoZi ='(^0 -.'')^o(2o +.'') ■ ' , : 

■ ^^^>ls^->^o^o +>o ['» (^0 - '^0 •^o;'o4- . ^ ^ 
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; Also, Xq <,, \ - 3xo < 2xo, o^^ equivalently,/f < 
Thus m may be viewed as a vs^be of the fuilc^^^^ 

on the; domain fact, m is the mall- 

e^r value bf / on £); because minimizing / on is just a 
restricted version of the original problem: for each >c e Z), 

. setting y ='^1 3x and z =' 2x gives x,'7, z rheeting 
original constraiints, and makes /(x) = xyz.. 
/ 'To minimize / on Z>, fi^'st ■ 
sketch / for all i-eal x. (See Fig- . \v > . • 
.ure.) Since / has a relative 
minimum at x « 0 (/(x) has 
the same sigh as x^ for x < f ), 

, and cubics have at most one^ rela- 
tive minimum, the minimum of / 
qh /> must be atone of the end- 
points. In fact, ' 

- /a) = 3^ <7(i) = 



the 



125 • 



■■f.r 



30. (D) Let ^/f -= .a + Vi and>/2 = - V^, where a =15 and 6 
= 220. Then, using the binomial theorem, we may obtain 



' where n is any positive integer. Smce fractional powers of b 
/■ ' haveVbeen eliminated in this way,""and since and A are 
, • both divisible by 5, we may conclude that + is diyisi- 
ble by 101 . ;V • \ 

Ij^ti'^IVe.;^ apply the above result twice, taking n = 19 and 
^^"^^^M^i^ ^^^^ way/\ye obtain ; 

and +.^82 ^ lOfc^^ , 

"wlrcte fci and are positive integers. Adding ^^d rearraiig-^^l 
ing fiiese results gives / / 

fiat ^--^^y:''^^^ ...'^ 

15 - Y220 = ■ 



. 5 ; ■ ^ I ■ 
15 +;\& 3' 



' TKerefore' d^^ + d^^ < 1. It follows that the units digit of 



0 ■ . 
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V^To^classify thsse problems is hot a simple ,task; their content is s^^^ 
varied hnd their ,§oIution-possibiIities so diverse that it is difficult tb 
pigeonhole them into ^a^ categories. Moreover, no matter vJhich ' 
headings are selected, there, are feorderline cases that need cross^ihdex- 
mg. Nevertheless, the foIlQwing niay be helpful to the \xeader who • 
wishes to select a particular category of probleins^ / ' 

The number preceding the semicolon refers to the last two digits of ' 
the examinatiori year, and the numbers follovying the semicolon r^fer^ 
to the problems in thiat examination. For exanjple,; 82; 5 means 
Problem 5 in the 1982 examination. 

■' ■ '■ ■- ', V -Algebra; 

*e Value ' , ^73y22 , 74- 11, 15, 27 75; 7' 

' , V 77; 8 78; 9 79; 13 82; 49 

Additioh of Signed Ifumbers ! 78;' 4 79;' 4 v 

Binary Operations V _ ' 73;'5 74;.,6 82; 7 

Binomial Expansions 74;' 3- 75; 5 76; 23 - 77;^0 . 

;;. (coefficients)- >» . 82; 8, 30 ' . 

■Coihplex Numbers ' 74;. 10, 17 76; 2 77; ^16, 21 

.: ■ - ;.'^o;'i7 f: 
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De Moivre's Theorem 

■ ■ \ . 

Equations 
Cubic * ^ ' 
Exponential 
> Fractional - 
; Fuiic tibnal (see* functions) 
Integer v < 
- • Linear ^ . y ^, 
Quadratic"^ - - . 



Systems of 
Linear ^ , 
Non-Uhear 



. Trigonometric 
Exponents 

Factoring 
Fractions' 
Identities 



Polynoniims 



sions 



Apthmetic 





79; 15 ,/82; IT 
74; 1 jl9; 11 80;3, 8 81; 6 

73; 31 77;'14 79; 11 82; 20; 

• 73; -16 74; 7 • - ; : 

73: 34 74; 2,*10 75; 12, 20 

76; 6 77; 21, 23 *78; 1, 13 

8b; 8- 81;, 29 \ , 

./73; 10, 14, 24 75; 2 77; 1 
/ 76; 30 77; 21 78; 6 ' 
' 80; 19, 29 81; 18 -.s ' 
73;. 17 k^l; 18, 24 

73; 19 74; 8" 75; To 76; 20, 21 
" 79; 19* 81; 13, 15 82; 3v 30 ' 

75; ^9 78; 1, 4 ■ 

78; 2, 20 79; 29 "Bl; 3, 8 

74; 1, 30 77; 6 78; 3, 20 

■■:79; 2. . ,. . \ , ■ ■ , 

73; ^22, 30 74; 14, 27 ' 75; 3 
77; 29 78; 18 79; U 80; 6 
81; 12, 13; 28 82; 14, 28 

>73; 28 ' 74;"l8 75; 18, 19 
: 76; 20 77; 18 78; 21 79; 18 
80; 18 81; 13, 15 82;. 13 ' 

73; 3, 20 74; 22 76; 12, 28 " 
77; 25,.29 80; 22 81; 13, 28 . 
82; 19, 29 - 

74; 2, 3, 4 75; 5, 13, 27 . ' 
76; 6, 19, 27 77; 10, 21, 23, 28 
78; 13 79; 19 80; 2, 28 81; 30 

73; 7, 26 74; 29 - 75; 9 . 76; 14 
77; 17 78; 8 79; 16 80; ,11 ' 

. 81; 11 ,■ ? ■ 
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Gepmetric > 

Proportions 

Radicals^ 

Reciprocals 
Remainder Theorem 

, .Sequences (also se&> 
, -. v Progressions) • 

• Word Problems 
. A^e Problems 
Distance, Rate, Time 
General 

■^•^ ' " 

■ « ■ . r 

Mixture ■ 

Money , 



'73; '28 74; 21, 28 75; 16V, 
• 7^; 4 77; 13 78; 24 80; 13 
.^H'14' 

73", 8f 12, 29 74; 30 iO; 10 

::75; 29 7«i; 29 79; 9 80; 27 
v «.li4r29 82; 30 . - ' 

. > 76;.i 783j 81>8" ' 

74; 4 77; 28- 79; 25 

80; 24, 28' 82; 1 . 

V 75; 15 '79; i4, 7' ' 



76-29 77; 12 
75; 27, 34 ' ^ 
" : 75; 14, 17, 25 76; 13 78;. 30 
- 80;'9 81; 4 '82; 2 
. 73; 33 79; 15 
; 77; 3 78; 5 , ' 

Arithmetic ' 



App^oxinjation 
Arithmetic Mean 
Fractions 

Percent 

Rationalization 



1; 



.75; 29 ^76; 2i; 78; 18 79; 18 
73;-2 . . ■ ■ ) 

73; 13 75; r 77; 24 79; 6 

80; 1 .\ ^ . 

73; ^3 74; 7 81;^2,.13. ■ 
74; 20 77; 7 , 



Analytic Geptnetry 
Circles - ' 

' .Lines" . 



Geometry 



73rii,3d 7^11 ,79(8 

81; 27 82; -4 , « . ' " . , 
75; 1,2 80;,f2, 2^ - 81; 10 
82;9 .> 



.182 ' THE WA;A PROBLEM BOOK IV ^v^^^.^ ^ 

V- Sphere ■ ■ ^\ ■ ,77;. 27.. / •, ; ^ :■■ jrj; ■ . 

■ Angles . . 73; 9, 16 74; 5 7714 78; 11 
r ■ ;/ ; -79; 12. 8P;.4 81; 25. > 

.Area^^v^ ^ . 73; 4 9, 25/30 74; 19, 25 ^ 

?• ' , 75; 4, '23 .76; 9, 16, 24 77; ?6- ■ 

, . ' . : V ' • . 78; 1, 2,23,29 79; 1, 8,21, 30 

Circles . 73; 1,11, 15,25,35 ^7^; 5,16, 23 

• : ; •. 75; U 76; 18, 24 77-;\15 ' ' 
V- : . .. . . / 78; 2, 10, 11, 26 79; 12, 21, is 

■■,':.Vv^■,;^:,:■.,,,^■. ■ 81; 23 ■;82; 24 , ^^, 

Bxte^alTangentsV. . 76; 26, 78; 26 ' 

c/SecMf f rom Extern£a Pgint 77^ 9- 82; 24 

CongfuentTrt^^^ 73; 4 76; 16 79; ^^ 81; 19 

Co6rdinate Geometry ' . • ■ 73;. 11, 30 74; U 75; 23 76; J 

' r V ; ^ . - . 78; 25 79; 8 81; 22 82; 9 ^ 

Inequalities ; ' " \ , 73; 11,;27' 79; 17 , V ; . 

Locus '■ ^ « 76; 22- 77; 5 . 78; 10 

Medians ; ^ 82; 21 -i 

■ Menelaus' Theorem . ^ 75; *28 

; ParaUel Lines : ^ : 73-'35 75; 26 82; lO' ^^ 

Polygons' " ' . . ^ i ^ 

Convex • 73; 16 76T14 82; 6 . 

. Hexagops. f ' . V 78;*7 79^,10 ^ ■ ' , 

Nonagdns ' ' • , / 77; 30 / 1 

Farallelbgrams' . 7 " ^ ■ 74;'25 ^ * - 

. Quadrilaterals A 'ft,'^ ' . ,H 75; 4" 76; 3 77; 19, 26 78; 29 

, ;.^,;.79;-24,/ ;/ • . .: • > 

Rectangles i ' 79; 1 

■ Squares : J^®' > V 73; 11 75;-23 ;78;.l3 79; 3^ 

Prppof tioh (Similai^ ' ^ 73;"9^ 74; 23 %; 26^ v 

s . ■ ■ 78; 26, 79; 30 82^; U v 

^Pythagorean Theorem - . \ , 73; 1, 20 75; 20 . 76; 3, 24 ^ 

. > ; ' ^ ->79;.28 80; "7, 19 SI; 2, 9,41 

• - ^82;i4 - • • ^ 



Siimlarity (see PropQTtion) V 

Solid' Geometry . ' « 

tubes (ana rectangular solids) 73; l'. 80; 16 81; g 82; 16, 18' 
( Pyramids : '^- V' • '-/^S; 32 ;; ;.:.*- 
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Spheres ; 

Tetrahedrons 

Volumes 

Triangles V 
General 

.Equilateral 



Isosceles 
Right- 

30°-60°-90°: 
45°i.45<'_9ro° 



77; 27 80; 26 
79; 23 80~;'J6, 26 
75;32- : 



. 75; 20 784 12^ 80;-21 .81; 19 ' 

73; 23 ' 74; 19 76; 22 77; 2; 15 

78; 23, 28 79; 3, 30- 81; 23 . - 
82; 22,24 . • 

74; 16 .75; 24 81; 5,27\82; 18'' 

74; 23 79; 21 80; 23 ! - 

73; 25 77; 15- 80; 5.. 81; 27 / 

75; 2, 24 , ' ^ - 



Basics 



Double /^ngle Cosine 
Double Angle Sine 
identities. 



Trigonometiy 



73; 15 . 79; 24 

ji; 17 75; 30 

76; 17 . • ' 

74; 22 76; 17 78; 15 



Inverse Trigbndrnetric Functions 79; 20 
LawofCosines ' 81; 21,25 82; 23 

Law of Sines , 75; 2S 

^ , . J., . 

^Radians ' ' . 79;, 20 



Combinatorics 



Miscellaneous 



76; 28 77; 20 J8; 16 80; 20 
82;:lly25 ^ [-^ 

Functions ' • ^ ' > ^ . , 

, AbMlute Value (see Absolute' Value) . r 

Con^osite ^ '■ 74} 12 76; 10 78; I?" 

: Greatest. Integer Function ^ / 7^r'30 77; 1 1 80; ^25 82; U4 

functional Equation^ J-^ v 75; 21 77; 22 78; 17 79; 26 

- 80; 14 81117- 82; 12 * . , 

Logic \ . 74; 13 75; 8 76; 11 78; 22 
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N^mbe^ THeoiy; 
. iJivisiijility * , 



* . ■ / 



V iFactorial Expressions 
'Greatest intieger Fu^^ction 
\ (sjpe functions) 

Least Commph Multiple 
! -plumber Bases • 

Perfect Squares ^ 
" ^ I*rime Factorization ' 

-Prime Numbers 
' ; - Recursive Definition/ 

Sums of Integers ■ ' 

Probability 



: 73; 18, 31 74; 8^9, M , 76^15, 19 ^ 
., 7ar27 80; 15; 29 ' 8lrl ^^ ^ 
'".73;. 19;. 76;:23;/;v/::J-.-' h' iV^;.'-,„.1 



, 78; 27 81; 7 , . , 

73j6 75;\0 76; Sjt78i^l4 79; 5. 

.81; 16 "82^26 i' ; - ' m 
79; 7 80; 30 - : • : - • 
'77r25.. . , . 

,73; 3, 18 74; 3, 26 75; 22: v 
76; 25 ^80; 25 > 
73; 2jL 75f6: 

/73; 23 74; 24 75; 18 ■ 76; 8 ' 
77; 17, 7fe; 19 79; 27 80; 20 
'81; 26 -82; 25 ^' 



r ' ft ' ill 
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< naficut (AMSME) begail as a local dontest in Mewr,^|,^ 
Vbrk ,Ci^ m^1,99d. 5y f960,. 15QM stt^/,;?) 
. thMah# thelUnN States and Cahada tMjhet;.ff- 

y^jjtekli: I rtia ^ OOO'Cvartilnatllnn UMS^'afimlnl.QffiMri a^/l; 



He 1982:ExartilnatiQn MsyaamifilOT^ 
to 418,000 partlciparits In the Unlted Stat6^,;.'i 
, Canada and to'ZO.OOO students-^ Vitflous .QBun'M^ 
tries ofothercontinents. In the Unjted ,State?^nd!:^i^| 
Canada, one-use of.AHSMEjs.tdlselectapDrtxtr^J 
mate^ ontf hundred participants the. ,0.8%^-^ 
• 'Mathematlcjl Olympiad/ andJhe.OlympiadMrb';/| 
, ; used in the selection Of a stflOBntrteani.ta r»re>:&| 
sent the .United States In the- International Mathe-tJiJIJ 
matlcal Olympiad. Since the difficulty of prpl^le^s;-i;| 
' appearing In the AHSIVIE va'rles.-QvlBi; a Wide range./Af^ 
they arS a valuable teaching aid for alLhlgh schoof^v^^ 
■ students interested In mattierpatics. • H, " ^: 
_ • „ .This volume contains the l'9734982.Examina- ? 

tionsiand solutions. The,1950-I960, MS6lk%5^t)' 
' and 1966-1972 EKaniinatlons and solutioniwerc'X 
published m NML Vbiumes 5, 17, and ,25. TheM 
■ probiemsTandsoiutions^are prepared bythSiC^m-M 
mittee on High School Contests, an MAA Cdhimlt^^| 
tee ^hose members are representatives of tne f ive'}'^ 
organizationsihat jointly sponsor the AHSME: thVia 
Matherrj^ticarAssoclation of America, Soci,etf Qf ';.>| 
Actuaries, Mu Alpha Theta» CasuaiJty>ActuariaUlj 
Society, and f(ational Council of TeachersSfcf 
; Mathematics. 1 . 

' The questroni for th? 197^-1982 AHSME in 
; this volume were, compiled by' Professors R- A. 

Artino, A, M. Gagiione and N. Shell who .coT't' 
- chaired the Committee 'from 1973^to 1977( N., ',;-^ 
Shell served as chaimian from 1977:1981; Profes-j-^ 
r > sor S. B.^/laurer (Committee Ghainpan since 19^1):fS 
V. and R. A. Artino, A. M. Gagiione and ft. Shell worked 
: * jointly With the Editors- of the New Mathematical , ' , 
xibraty series in the preparation rf<this voiume;:?| 
/ They mefde some change? in theiriginally pub-r , 
iished solutions and added some alternate soiu-,' i 
tions^and some explanatory notes. ' v 



